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Abstract. The paper presents, a new large deviations principles (SLDP) of non-Freidlin-Wentzell type,
corresponding to the solutions Colombeau-Ito’s SDE. Using SLDP we present a new approach to
construct the Bellman function v(t,x) and optimal control u(t,x) directly by way of using strong large
deviations principle for the solutions Colombeau-Ito’s SDE. As important application such SLDP, the
generic imperfect dynamic models of air-to-surface missiles are given in addition to the related simple
guidance law. A four, examples have been illustrated proposed approach and corresponding numerical
simulations have been illustrated and analyzed. Using SLDP approach, Jumps phenomena, in financial
markets, also is considered. Jumps phenomena, in financial markets is explained from the first
principles, without any reference to Poisson jump process. In contrast with a phenomenological approach
we explain such jumps phenomena from the first principles, without any reference to Poisson jump

process.

Keywords: Optimal control, Bellman equation, Colombeau-Ito’s SDE,Large deviations principles,
Algebra of Colombeau generalized functions, Poisson jump process, Jumps phenomena, in financial

markets.

© Copyright 2014 the authors. 230



Communications in Applied Sciences 231

1. Introduction

What new scalable mathematics is needed to replace the traditional Partial Differential
Equations (PDE) approach to differential games?

LetC® = (2,2. P)be a probability space. Any stochastic process onR™is aX-measurable
mappingX: 2 X [0,T] » R™. Many stochastic optimal control problems essentially come

down to constructing a functionu(t,x) that has the properties:
(1) ut,x) = inf, [J({X2 @)}, (o i {@()}aefo )| and

@) u(t,x) = inf, [ ({X;CD((U)} {a(s)}ae[o,t])+u(t,Xt’fD(a)))], where a(t) € U € R™

aefo,t]’

a€[o,t]
Here J = E, [ fot ( 9(XZp(w), s)) ds] is the termination payoff: functional,a(t)is a control
and X{p(w) is some Markov process governed by some stochastic Ito’s equation driven
by a Brownian motion of the form

XEp(w) = x + [ f (X2p (@), a(s)) ds + VDW (¢, w). 3)

HereW (t,w) is the Brownian motion. Traditionally the function u(t,x) has been
computed by way of solving the associated Bellman equation, for which various
numerical techniques mostly variations of the finite difference scheme have been
developed. Another approach, which takes advantage of the recent developments in
computing technology and allows one to construct the functionu(x,t) by way of
backward induction governed by Bellman’s principle such that described in [1]. In
paper [1] Equation (3) is approximated by an equation with affine coefficients which
admits an explicit solution in terms of integrals of the exponential Brownian motion.
Using Colombeau approach proposed in paper [2], [3],[4] we have replaced Equation (3)
by Colombeau-Ito’s equation [4-6]:

( th(“) w)) +<f0tfe’( th((U @), a(s)) >

+VD (fot w, (s, zzr)ds) V(W (, a)))g,.

Here g e’ € (0,1],w € 2, mw €Q,, 2, NN, =0, wherew(t,w)is the white noise on R"

8’

Le., w(t,w) =d/dt W(t,w) almost surelyin D' and w,/(t,m) is the smoothed white
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noiseon RM"i.e., wy(t,@) = (w(t,w), p. (s —t)), and ¢, is a model delta net [2], [4].
Fortunately in contrast with Equation (3) one can solve Equation (4) without any
approximation using strong large deviations principleof Non-Freidlin-Wentzelltype
[51,[6],[7].

Statement of the novelty and uniqueness of the proposed idea: A new approach,
which 1s proposed in this paper allows one to construct the Bellman functionv(t,x) and
optimal control a(t,x) directly, i.e., without any reference to the Bellman equation, by

way of using strong large deviations principle for the solutionsColombeau-Ito’s SDE
(CISDE).

2. Proposed Approach
LetC; = (Q;,Z;,P;),i = 1,2 be a probability spaces such that: Q; N Q, = @. Let us
consider m-persons Colombeau-Ito differential gameCIDG,,r(f, g,y, G"(R™"), €4, C,),

withthe termination payoff functional for the i-th player is:

(i‘i’,j)el:EﬂlEﬂz [(foT ge’,i( tDs (w, @), a(t),t, 8) dt) ] +

+Eg g, [(S0 125 i@ @) - 3] ) | M

&

and with stochastic nonlinear dynamics:
(#5. @, w)) = (for (x5 0@V Dw (6 @), o), e))g, FVEW(t ), @

¢ €(01lw € N, w € N,.

Here Vt € [0,T]: (xgr(t))g, € @";xg"g"gg,(w,w) =x, €ER", Ve € (01]:f = [(f) ] g =

[(ge)er); f(x,0,000,0), g(x,0,0,0) € G™(R™), &(t) = {1 (£), ., A ()} i () € Uy & RS, i =
1,..,m,

And m—persons Colombeau-Ito differential game

CIDG,.v(f,9,y,G"(R™), B(t), (t),C;,E,) with imperfect measurements and with
imperfect information about the system [5], [6]. The corresponding stochastic nonlinear

dynamics is:

( Xy e (@, w)> (fs'( tier (@,@), VDw (¢, @), 9 (0), a( x°€,+ﬁ(t)> )> +

!

e £
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+Ve(w(t, w))g,; g e €(01], w € Q,,@w € Q, and the playoff for the i-th player is:
(i:’.j)g,zEmEﬂz [(foT gs,’l( f‘,’fg'(“) @), a(t, B(D). ¢, s) dt) ] +

+Eq,Ep, [( [ TDEIL((U @) — yl] ) ,]- (3)

HereB(t) =(B1(t), .., Bn(£)), @(®) = (91 (), ., @ (t) )and Vt € [0, T]: (xo (), €

R™; x g%gg,(w w) = x,,Ve € (0,1]:

f = [(fg’)g’]'g = [(‘gg,)g,];f(x,o’o,o’o,o ,g(x,o'o,o) € Gn(Rn)or
f(x,0,000,0), g(x,0,0) € GF(E), a(t) = {ar(t), o, am (O} (1) € U S R, i = 1,...,m, B(t)
= {ﬁl (t)! :Bn(t)}: ‘P(t) = {(pl (t)' R (pn(t)}

Here R is a field of the real numbers, G(R") is the algebra of Colombeau generalized

functions [8],[9],[12] , G*(R™) = G(R™) X ... X G(R™), Gp , (E) =§’L§EE§1S the Colombeau
P,r

type algebra[13],[14], E is an appropriate algebra of functions, which is a locally convex
vector space over field ¢, G, (E) = Gp,(E) X ... X Gp'r(E),R?is the ring of Colombeau
generalized numbers [11], R* = R x ... x R,t = a;(t)is the control chosen by the i-th

player, within a set of admissible control values U;.
Heret — {(xwg L (o, w)) ) (ngi,;n(w,w)>£,}isthe

trajectoryof the Equation (2). Optimal control problem for

thei-th player is:
(TE’,i)Sr = (minai(f)EUi (maxa’j(t)‘iU]'i:z’,j:ti)>‘g : (4)

4

We remind now some classical definitions.

Let us consider now Ito’s SDE:
dx, = b(x,, t)dt + X, 0,(x,, t)dW,(t, ), (5)
Xy = xo(w), x € R™.

Theoreml.[15]-[16]. Let the vectorsb(x, t), a(x, t)be continuous functions of(x, t)such

that for some constantsDand Cthe following conditionshold:
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Ib(x, ) — b(y, Ol + Xicalor(x, ) — 0, (3, )] < Dllx — i, (6)
IbCx, Ol + X¥oqloy (2, O] < CA + 12D (7)

Then: (1) For every random variablex(w)independent of theprocessesW,. (t, w),r =

1,2, ..., kthere exists a solution x,of the Ito’s SDE(5)which is an almost surely
continuous Markov process and

(2)Two solutionsx, ;andx;,(w)is unique up to equivalence: P[xt,l(w) = Xt (a))] = 1,for
all t € [0,00) = I.

Remark1.[15],[17].It well known, that the boundedness assumption on b(x,t)and
o(x, t)can be weakened, but somekind of restriction on the b(x,t)and a(x,t)is
necessary in order to guarantee the existence of a global solution i.e., a solution defined
for allt € [0, ©).If we remove this condition of boundedness, then a solution of Ito’s SDE
(5) does exist locally but, in general, blows up (or explodes) in finite time.
Definitionl.LetR" = R*U{4}be the one-point compactification of R*andW" =

{w|[0, ) 3 t » w(t) € R™%s continuous and such that

ifw(t) = A, thenw(t’) = Aforallt’ > t}.Let Q(Rn)be the o-field generated by Borel

cylinder sets. Forw € W™we set
e(w) = inf{t|w(t) = 4} (8

and call the explosion time of the trajectory w(t), t € [0, ).

Definition2.[15].By a solutionx;(w)of the equation(5)we mean a
(Wn, g(u‘zzn))- valued random variable defined on a probability
spaceC€ = (Q, X, P)with areference family(Z;);sosuch that:
(1) there exists an n-dimensional(Z;)-Brownian motion

wW(t, w) = (Wy(t, w), .., Wy (t, w)) with W(0,w) =0,

(ii))  for each (t,w) = x.(w) € R™ is X, -measurable and
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(iii) if e(w) = e(xt(w)) 1s the explosion time of x;(w)then for almost all w,
xe(w) — xo(w) =

= [y b(xs(@), ) ds + Ty [ 0, (xs(w), £) AW (5, ) ,(9)
for allt € [0, e(a))).
Theorem?2.[15],[16].(1)Given R™ —continuoush(x,t)and o(x, t)consider the equation
(5).Then for any probability u on(W", 5(@"))With compact support, there exists a
solution
of (5) such thatthe law of x,(w) coincides with pu.

(2) Supposeb(x, t)anda(x, t)are locally Lipschitz continuous,

1.e., for every N > 0 there exists a constantDy > 0 such that
by (x, ) =by, (3, Ol + Z¥oi |0y (X, 8) — 0 (0, 8)| < Dyllx =yl (10)

for everyx,y € By,By = {z|||z|| < N}.Then for any probability u on(W”,Sf)(R"))With

compact support, there exists a solution

of (5) such thatthe law of x,(w) coincides with u.
Theorema3.[16].Letx, ,(t),n = 1,2, ... be the solutions
of the Ito’s SDE’s

dxt,n = bn(xt,n' t)dt + Z;f:l Ur,n(xt,n' t)dVVr(t' (‘)); (1 1)
Xon = x(w)x € R™.

Assume that: (i) let the vectors b, (x,t), o, (x, t)becontinuous functions of (x,t)such

that for some constantsDand C the following conditions hold
b, (x,t) = by (¥, Ol + X |0y n (2, 8) — 0, )| < Dllx—yll,  (12)

1B (x, Ol + X |00 (2, )] < C(L+ (I, (13)
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1)E[x?(w)] < oo, (14)
(111)vVN > 0:
limp,_, o supyxen| 1P (X, £) — bo (¥, Ol + Xk_1 |0y (x, 1) — 07,0 (v, D[] = 0. (15)
Then
limnawSUPostsTE[xt,n(w) - xt,o(w)]z = 0. (16)

Corollary 1.Let x;,(t),n = 1,2,... be the solutionsof the Ito’s SDE’s
dxep = by(x;p, t)dt + X¥_ 0, ,dW, (¢, 0) x4, = x(w)x € R™(17)

Assume that: (1) Let the vectors b, (x,t),becontinuous functions of (x,t) and g,, =

const such that for some constants Dand C the following conditions hold

Ib, (x,t) — b (¥, Ol < Dllx — yli (18)
by (x, O + X¥_i| 00| < €L+ IxID, (19)
(i) E[x*(w)] < oo, (20)
(iii)vN > 0:

limn—mosup“XllsN[”bn(x; t) - bO(y: t)” + Zﬁ:l'o_r,nl] =0. (21)

Then

: 2
llmnaoosuPostsTE[xt,n(w) - xt,o(w)] = 0.(22)
Here x;,(w) 1is the solution of the ODE:

dxt’o = bo(xt,o, t)dt, xO'O = x(a)),x € Rn. (23)
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Remark 2.Note that Theorem 3 in fact asserts that under conditions (12)-(15)any
solutionx;(w) of the Ito’s SDE (5) is continuously depend on functions b(x,t)ando(x, t).
Note that the assumptions of the Lipschitz continuously (12) and boundedness (13) on
b(x,t) and o(x,t)in the Theorem 3 cannot be weakened.

Theorem. Assume that: (1) Let x,,(t),n = 1,2,... be the solutions of the Ito’s SDE’s

Xeq = bp (%, t)dt + 0, (%0, t) AW (E, w),

Xon = x(w),x € R™.
and letX, ,(t),n = 1,2, ... be the solutions of the Ito’s SDE’s
Xip = by(Xen, t)dt + G, (% p t)dW (L, w),
Xon = x(w),x € R™

Here

k
On (xt,n' t)dW(t, (‘)) = Z 1Gr,n (xt,n; t)dVVr(t; (U);

k
7, (X0 £)dAW (L, 0) = z 1&r,n(xt,n, t)dW,(t, w).

(2) The inequalities
|by, Cx, )| + o7 (e, DIl < K (1 + [lx]D),
Iby, (x, t) — by (¥, )l + llo (x, 1) — 0 (x, ) || < Kipllx — I,

1B, O + I, (x, ONl - < K (1 + llxID),
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”En(xr t) - En(y, t)” + ”an(xr t) - an(x’ t)” < Kn”x - y”:
B (2, £) = By (x, )] < 65, 1x1l,
||O'n(x, t) - an(x, t)” < 52,n”x”

where 0 <t < T, is satisfied. Then the inequality

T
Supo<¢<TE [”xt,n - %t,n||2] <eln(8%, + 622,n)E l.f ||3c't,n||2dtl
0

is satisfied.

Proof. See Appendix.

Remark 3.[17].If conditions(6)-(7)are valid only in every cylinder Ui X I, with C =
C(R),D = D(R), one can construct a sequenceof functions b,,(x, t)ande, (x, t)such that

for||x|| < n
b,(x,t) = b(x,t),0,(x,t) = a(x,t), (24)

and therefore for eachb, (x,t), g, (x, t)satisfy conditions(6)-(7)everywhere in R™. By
Theorem 1,there exists a sequence of Markov processes x;,(w)corresponding to the
functionsh,, (x, t)and a,,(x, t).

Assumptionl.Suppose now that the distribution ofx,(w)hascompact support
inR™Then as, well known, that the first exit random timest,,(w) of the

processes X; ,(w)from the set |[x|| < n are identical for m > n[15] [18],[19]. Let this
common value bet,(w). Itis also clear that the processes themselves coincide up to

timet, (w), 1.e.

P[Suposr(w)srn(w)”x‘t(w),n(w) - xr(w),m(w)” > 0] =0,m>n. (25)
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Orin the equivalent form

P[SUPostSTn(w)”xt,n(w) - xt,m(w)” > 0] =0,m>n_ (27)

Definitionl. (1) Let 7. (w)denote the (finite or infinite) limit of the monotone
increasing sequence T,(w)as n — c. We call the random variable 7, (w)the first exit
time from every bounded domain, or briefly the explosion time.

(i1))We now define a new stochastic process x;(w)by setting[17]:

x(w) = x4 p(w)for t < 7, (w). (28)

It well known, that this is always a Markov process for t < 7,(w)[18],[19].

We also can to define a new stochastic process x;(w)by setting
xt(w) =P- limn—)ooxt,n(w) (29)

If finite or infinite limit in RHS of Eq.(29) exist.

(111) In general case we set
(*ee @), = (xen(@) m=3% (30)
We note that the Colombeau-Ito’s equation

(2o @), = (%0c (@) , =

(fotb(xs’gr (w),s) ds)sl + ¥k, (fot o, (x5 ¢ (W), ) AW, (s, a))) (3D)

1s satisfied for all t € [0, Too (w)).

(iv)  Markov process x;(w)is regular if for all s < oo, x € R™
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P {7, (w) = 0} = 1. (32)

Assumption2. We assume now
that:(1)Ve € (0,1]:(b (x,t,€)) , 2 (bm, (X,1,€), .., b (%, 1, e))s, € G™(R™) (or G;,{r(E)),e -
(€1, -, €n), € € (0,1]:"for all t € [0, ©)and

(2) Ve € (0,1]"there exist infinite Colombeau constants (C j)g,and(Dé)g,such thatve €
(0,1]:

@UIby (x, £, N2 < ((C5),) (1 + Ixl1?), " € (0,11,(33)

@D ([[bie (.0 = b 3, 8,0]),, < ((DF),,) I = ¥ll(34)

for all t € [0, o)and for all x€ R"and for allye R™.

Definition 2. [4] 1.Let € = (12, 2. P)be a probability space. Let

€R be the space of nets (X g(a)))sof measurable functions on 0.

Let E€R) be the space of nets (X,), € €R, ¢ € (0,1],with the

property that for almost all w € 2 there exist constants r,C > 0

ande, € (0,1] such that |(Xc)e| < Ce™™, ¢ < &,

2.Let NR is the space of nets(X¢)s € ER, ¢ € (0,1],with the property that foralmost

all w € Nand all b € R, there exist constantsC > 0and ¢, € (0,1] such that [(Xg)¢| <

CeP, e < gy.Thedifferential algebra GRof Colombeau generalized random variables is

thefactor algebra GR = ER/NR.

Let us consider now a famlly( X, Ej) of the solutions Colombeau-Ito’s SDE:
S

(dxxo P ,(a,)) - (bs, (x5 ), e)) FVE(AW(t W), (35)
gl

o e =(x* X0,€ _ ~
(ee), = (@) ear (Elees]), =xer™ (36)
t €[0,T], e e € (0,1].
Here )W (t, w) = (Wy(t, ), ..., W, (t,w)) is n-dimensional Brownian motion,(i))Vt €

[0,T]:(byr(x,t,€)) , € GM(R™), (or G2, (E)), bo(x,t,€) = by_o(x,t,,€):R" > Rs a
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polynomial on variable x = (x4, ..., x,),1.e.
bO,i (x' [ 6) = Za,lalsr bg,i (t' E)xa' (37)

a = (i, .., i), lal = Z}‘zlij,O <ij <p,or
(111)) vt € [0, T]:(bg/ (x,t, 8))5’ € Gp(E),bo(x,t,€) = by_o(x,t,€):R" - R"isR-analytic

function on variable x = (xy, ..., x,),1.e.
boi(x,t,€) = X721 Xajal<r Poi (€)X, (38)
a = (iy, .., i), lal = Z}‘zlij,O <ij <pand
(iv) limy e 1o (x, 8, )1 /llx]| = o,
) by et (x(t),t,€) = byo(xe(£), 8, €).(39)

Here x.(t) = (xllgr (), oo X er (t))and

x;(t)
xl-,SI (t) = _1+(£I)lzlxi21(t)’l 2 1

X () = or (40)
Xig! (t) = xi(t)gei [x; (O)].

i=1,..,n

Here 6,[z] € C*(R), supp(0g[2]) € [~v(e), v(e)]
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0,[z] =1 & z € [-v1(€),v1(e)] & [-v(e), v(e)],
Oc,[z] = 0 & z € R\[-v(e), v(e)],

0<0.[z] <1 o z€e[—v(e)v(e)\[—vi(e), vi(€)].

Remark 5.By Theorem 1 for every Colombeau generalized random
variable(x’;? (a))) ., € GR such that
&
(E [xgog’,g]) , =X € R™,and independent of the processes W; (t, w), ..., W, (t, w) there exist
’ &
Colombeau generalized stochastic process

(%25 @) &' € 01, such that(x%%, (@) | = (x2(@)) ,and
4 ‘

L€ 0,6, ,
F

t, €&

(xx"’s ,(a))> is the solution of the Colombeau-Ito’s SDE (35)-(36),which is an almost
s’

surely continuous Colombeau generalized stochastic process and is unique up to

equivalence
(P[]l (@) = %% ,@)]| > 0]) , = 0, for all ¢ € [0,00).

Remark 6.0ne can to construct a sequence of Colombeau generalized functions
(bsr,n(x, t, 6)) , such that for [[x]| <n:
&
b, ,(x,t,€) = by(x,t,€),e € (0,1],€ € (0,1]",
and therefore for each b,/ ,(x,t,¢€), satisfy conditions (18)-(19) everywhere in R™. By

Theorem 1, there exists a sequence of Colombeau generalized stochastic processes

(xfojn(w)> corresponding to Colombeau generalized functions(bgr 20 t, 6)) . Suppose
»€ g’ ’ 8’

now that for each &' € (0,1],€ € (0,1]" the distribution of xgog,(a)) has compact support

in R™. Then there exit times of the processes xf":g, m(a)), ¢’ e € (0,1], from the set

llx|| <n are identical for m = n. Let this common value bet,/ ,(w, €). It is also clear

X0,€ X0,E . .
that the processes(xt:’e, 8,’n(w))£, and (xt:’e' g,’m(w)>£,themselves coincide up to

time(tgr,n (w, e)) . le,
&
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(P [suPoster,s o | XL (@) =225 @) > 0]) =0, (1)

for all m = n.

Definition3. (i) Let 1. (w,¢,€),¢’,€ € (0,1]"denote the (finite or infinite) limit of the
monotone increasing sequence 7. ,(w, &, €)asn — oo. We call the generalized random
variable (Ts’ (w, &, e))s,, ¢’ € (0,1]the first exit time of the sample function from every

bounded domain, or briefly thegeneralizedexplosion time.

(i1)) We now define Colombeau generalized stochastic process (xfoe’ss, (w)) by setting
A sl

X0,€

xt,,e,s' (w) = xz?e‘,gs',n(w)for t= t(w) < Ts',n(w' <, 6)- (42)

(i11)That this is always a Markov process for t = t(w) < (Ts’,n(w' g, e)) -
&

(iv) Colombeau generalized stochastic process (xf“e’i, (w)) defined by
»€) 8,

setting (42) on the random generalized interval [0, (‘rsr,n(w, g, 6)) I]is
&

n-

regular ,if for any s < co,x € R", € € (0,1]

(P {1 (w,&,€) = 0}) =1,&" € (0,1](43)

(vi) Colombeau generalized stochastic process (xfgi, (a))) , defined by setting (42)
€y S’

nl

is a strongly regular if for any s < oo, x € R",&’ € [0,1],€ € (0,1]
(Pt (w,2,€) = 0o}y = 1. (44)

Remark7.Wenote that: (ii1) does not imply (iv).

Propositionl.Assume that Colombeau generalized stochastic process(xf"j(a)))

defined by setting (42)is a strongly regular.
Then (1)Ve, € € (0,1]",V6,8 > 0:
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2
lim r_,OE“ X () — 2%, _ () ]: 0. (45.2)
lim,r_oP {[| 272, (@) — 272, _ (a))” >6}=0. (45.b)
(V5,8 > 0

2
lim, g -8 || 325 @) = X2 g @) ] = 0. 050

lim,_g,e0P { | 41250 (@) = X122, o (@)]| > 8} = 0. (45.0)

Proof. Immediately follows fromTheoremA1.(I) (see appendix A)anddefinitions1,3.

Let us consider now a family ( X0 & (w)) of the solutions of the Colombeau SDE:

(dxi‘;‘fg,(w)) - (bg, (x5 (), t, a))) +EdW(t,w), (46)

ee €

(x;‘gf)gl =x, € R™t €[0,T] & ¢, € (0,1]€ € (0,1]."

Here W(t) 1s n-dimensional Brownian motion,

andVe € (0,1]", vt € [0,T] andfor almost al w € O :(bgrle(x, t, w)) ,EG™(R™), bo,(-,t) =
&

b._gc—o(,t,w):R" - R"is a polynomialvector-function on a variable x = (x4, ..., x,,) 1.e.,

bioo(X,t) = Yo al<r bioo X% a = (iy, ..., i), la| = Z 14,0 <1i; <p, and
bi g (x(6),t, @) = by o(x, (£, @), 1) (47)

Here X1 (t, ) = (Xy 01 e (6, @), oo, X o1 e (8, @) )
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i(t)
(t,w) = al , (48
Tiele el (O +e[e S Bfi[xi(r)]xiZl(T)dT+\/§Wi(t)]2 (48)

i=1,..,n. Now we let
w(t) = € f e, [x, (D (D) dT + VEW; (1)(49)

and rewrite Eq.(46) of the canonical Colombeau-Ito form:

( fogge(w)) (bgfle( : 8: e(“)) ut o (W), t)>£, +VedW (¢, w),uf”g,,gie(w) =

(uft e, E(w) flt &’ e(w)) (50)
(dugt,,s’,e(w))s, =
6‘( L[ Lts E(w)][ lts e(w)] )
VEdW;(¢), (51)
i=1,..,n, (x;‘;'f)gl =x, ER™t€[0,T], & ¢ €6 € (01].

Theorem3.Let us consider a pair of the Colombeau-Ito’s SDE:

( dxf";u(w)) :< (20 w), t))£,+\/5(dW(t,a)))s,, (52)

g

(xxo,s ) =xp€ R‘m't € [0,T], & ¢ € (0,1],u=1,2. (53)
£

0,1

Assume now that:(1) Conditions (33) and (34)is satisfied.
(2)For a given N > 0,Vx € R™such that ||x|| < N: gL (x,t) = g% (x, ©).
Letxf“j u(w), u = 1,2 be a pair of the solutions of the Colombeau- Ito’s SDE (52)-(53) and

letTﬁ:Z(a)),u = 1,2be a set}"g’u(a)) = {t|supossst

x°E (a))” < N} We let nowtlgvf,u(w) =

s & u
sup{t|t € Tévglu(a))}

Thenve' € (0,1]:
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(1) P{rg'e,'l(a)) = ngr,z(a))} =1 and

X @) - x| =0} =1

Proof. A proof of this statement, complete similarly, to a classical case. For example

(11) P {Sup0555r1

see[15],chapt.2, subsect.6,theorem2.
Let us rewrite now Eq.(50)-Eq.(51) in the next form (with 6., = 1)

X0,€
(x5 o) | =
X + (fot b, (xf’f’g',‘“:e (w, ), ufugr’e (w), T) d T)gl +

VeW(t, w), (54)
te e(w)_( 1t£ E(w) nte e(w))

lTS n3

(@), = &0 (f [0 c00)] ) +vBWO, (59

Let Gy(y),y € Rbea function: () Gy(y) = yifllyll < NG)Gy(y) = 0ifllyll > N.
We set now b (x,u,t) = b, (Gy(x), Gy(w), 1).

Let(y;", (.9, N))gl = {(x2f @5, N)) (0, )]

be a family of the solution of the Colombeau-Ito’s SDE:
(%25 (.9, N)) = 2o+ ([ Y (22 (@8, M08y (@),7,N) dT) |+ (56)
+VeW (t, w),
1 (@ N) = (1 (@ N, 0 1 (0, N)),

( lt£ e(w N))

€ <f0t [GN< lxgj (w6, N))] dr) +

8’

+VEW;(t), (57)
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i=1,..,n,

Definition4.(1) Let {(yf"je(a), é, N)) } be a sequence of the solution of the
v ee

N=1

Colombeau-Ito’s SDE(54)- (55). LetFY, (w,8) be a set

ge' €

FN, (w,68) = {t|sup0555t yf:’s"f’e(a), 0, N)” < N}. (58)

EE €

(2) We let now

™, (w8 = sup{t|t e FN, (a))}, (59)

gee ge e

2, (0,6) = limy,0tY . (w,8).(60)

ge',€ ge'e

(3) Lety;°7 (w,8)be a net of the stochastic processes defined
by setting
FOE (0,8) = Y (0,6, N)iff ¢ < T (@, 5)(61)

&E €

(4) Let[(yfos’f [, 5)) ]be Colombeaugeneralized stochastic process defined by setting
ne 8,

[()’if’ie(w, 5 ))g,] = [(72’;6 (w,6 ))J. (62)

Remark5.We note that according to the Theorem3 VM (M > N)one obtain

Y2 (@,8,N) = yir (,6,m)]| > 0} =0,

P {SuPostsr’s‘is,,e(w) | t,e €
Therefore definitions (61)-(62) is correct.

Definition5.Let(yf0 ’8 ) ,be a family of the solutions Colombeau-Ito’s SDE (56)-(57).
’ &

ee

(DA famﬂy(y;fg ) &€’ € (0,1],¢ € (0,1] "is regular if
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(ime-.

yfosfe(a), 6)” > C})s’ = 0.(63)
Or in the next equivalent form

( { se’e(w 6) = 00})8’ =1 (64)

(2)A family(yfg;i) Jis a strongly regular if Ve',e' € [0,1],
[ &

ve,e € (0,1]"

(limc_,ooP{l 0€ (4 6)” > c}) = 0.(65)

t 8 ,€
or in the next equivalent form: Ve’, ¢’ € [0,1],Ve, e € (0,1] "
( { se’e(w 6) = oo})sl = 1.(66)

Definition6. Let(y?%;") bea family of the solutions Colombeau-Ito’s SDE (56)-(57). A
= &

family (yzg,’i)s,, e, ¢’ € (0,1],€ € (0,1] "isanon-regular if

At've > t': (limcmP“

o (w, 5)|| > c}) C#£0.  (67)

Or in the next equivalent form

(Plrg (@, 8) <o}) , = (68)

Proposition2. Assume that Colombeau generalized stochastic process (yf“s'fe(w, 6))
ne £I
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defined by setting (62) is a strongly regular. Then

2
() lim, _olims ok | [y, (0,8) ~ v @) | =0 690

€—0,
(2) Vo > 0:
11m81_>011m5_>0P{||yt g,e(a) 5) — yx"s(w)” > a} =0. (69.b)
€—0,
Here:y;"“(w) = V.%o eeo(@, 6 =0).

Proof. Immediately follows fromTheorem3 andTheoremA.1 (see appendix A).

Proposition3.Let<yf0;e(w, 5))8, ={(x2%) . (ul o1 (@)) ,Jbe a family of the solutions
Colombeau-Ito’s SDE (56)-(57)withf,[z] = 1.A family (y7%%) &' € (0,1]€ € (0,1]"is
= &

regular.

Proof. Assume that: process <yt o e (w, 5)) is a non-regular. Therefore(P**{t,/(w, &) <

&

©}),s = 1 and consequently

(PS»X {y::;iw,e),,s’,e(w’ 8) = oo}) , > 0. (70)

&

But the other hand from Eq.(56)-Eq. (57) we obtain

Xo,€ _
(xt:/(w,e),,s',e(w’ 5)> -

g’

x0+(fr'(wg)b ' ( Yof (w,d), uv (W), v, s)dv)£,+

‘UEE

+(VeW(ro(w,),0) , (71)

1 1) (5
uv,,s',e(a)) = ( Ui p,e, e(a)) Unp,e' e(w))

21
(s @) = (15 i35 @) dv)g, + (VW (e @) 0 1= 1,
8’

(72)
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From (70) and Eq. (71)-Eq. (72) we obtain

‘L'g/(a),e)
(PO""O {j bg,'e( l’j":e(w ), uv ¢ (@), e) dv = 00}) =0,
0 Py

and therefore

(PO (X et D) = ) =

&

T (w,€)
(PO"xO {xo +f bs’,e( v, e(w 8), uv g’e(w) v, 8) dv+ \/_W(T "(w,€),w) = oo})
0

8’

(POO{ Ui (we)e’ 1 (W) =oo}) =

&

£I

7, (w,8)
(refe [ e o] v + VW (@) = of) o0
0
Thus
X0,€ _ —
(P (e @ ) =0}) =0,
But this is the contradiction. This contradiction completed the proof.
Definition7.CISDE(35)-(36) is R -dissipative if there exist
Lyapunov candidate function(V,(x, t))g,: R™ x [0,T] = R and positive infinite
Colombeau constants C = [(C./)/] € R,
# = [(r.)] € R ,,such that:
(Dve' € (0,1] :V, o = limp_,o (inf||x||>RV£r(x, t)) = o0, and

@)V[(xe) e [ lIxer [Der] 2 F)theinequality



Communications in Applied Sciences

|(VerGeor,t b, ) | = e ), (73)
1s satisfied.Here
[(Vgl(xsr,t; bgl))s’] =
Kav = t)> l Z <0Va§ci, 2 l,gr(xgr,t)> ’].(74)

Or in the next equivalent form:

CISDE (35)-(36) is R -dissipative if there existLyapunovcandidate

function(Vsr(x, t))g,:TR{\" x [0,T] = R and positive infinite Colombeau constants C =
(€Nl ERY,

#=[(rs).] € R ,, such that:

(Dve' € (0,1] :V, o = limp_,o (inf||x||>RV£r(x, t)) = o0, and

(2")Ve' € (0,1]vx,[(x,s € R") A (lx,]| = 7,/)]the inequality
(Verennti b)) | < (C)e)(Ver (xers ), (75)

1s satisfied. Here

. oV 7t av 1t
(Ve b)), = (Zeet) o (g, 2oy epn) - (16)
& &

Definition 8. CISDE (35)-(36) isa stronglyR -dissipative if
Lyapunov candidate function(Vgr (x, t))g,: R™"x[0,T] - R,
€ [0,1]andpositive finite Colombeau constants

C=[().]1€ER,,#=[(r.).] € R,,such that:

251

(DVe' € (0,1] :V, o1 = lim, s (inf 5, Ver (2, ) ) = o0,a0d(2)V[Gee) 1([(lxerDor] = 7) the

inequality

(Vo bg,))g,] < C|(ve e, 1) |(77)
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1s satisfied.

Here

[(Vgl(xgr, t; bgr))gl] =

(262 %,

oV (xyr t)
< axlg l,e’ (xe" t)> ,] .(78)

Proposition4. Let( o (w)) ) be generalized stochastic process satisfying

Colombeau-Ito’s SDE(35)-(36) on the time interval[s, T]and (‘rsr,u((u, 6)) -lisa
&
generalizedrandomvariableequaltothetimeatwhichthesamplefunctionofthegeneralized

process (xf"s‘f 6(0))) ) first leaves the bounded neighborhood U, and
ne S’
let(rsrju(w, t, 6))8, = (min{tsrlu(a), €), t})g,.Supposemoreover

thatve' € (0,1] : { Yo (a)) € U} = 1.Then

(E lVE' (x::;j](w,t,e),.s L), Tyt e)) ( X0 (a)) S)D , =
< lf U(th) zo: G(w) u) dul) )

&
Proof. Similarly as the proof of the corresponding classical result, see [17]Lemma 3.2.
Theorem4. (1) Assume that: (i)for CISDE (35)-(36) the inequalities(33)and(34) is
satisfied and (ii))CISDE (35)-(36) isR -dissipative.

Then (1) Colombeau generalized stochastic process (xf"g‘f e(w)) ,e' €(01],€e€

&

(0,1] "defined by setting (42) is regular, and (2) the inequality
(& [ (25, (@, t)D < (E|ver (%% (w), to)])g, expl(C,),r (t — t5)](79)

1s satisfied.

Proof.(1) From (76) it follows that the Colombeau generalized function(Wsr(xgr, t))g, =

(Vgr (x,, t))g,exp[—(Cgr)gr (t —ty)] is satisfies the inequality:(Wgr (x,, t)) , < 0.Hence, by
&
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Propositionél,for(rs/'n (w,t, 6)) = (min{tsr’n (w, €), t})s,wehave
&
(E

(B[ve (25 (@)to)]) , = (B[O W (205 ((@)u) du) | <

0. (80)

Ver <xx°s wre,e (@) Ten(@,t, e)) exp[—(Ce) (To p(w, t,€) — to)]D

g,

This, together with the inequalities(z,s,(w,t,€)) | <t,
&

(Vgr (x,, t))e, > 0, implies

(E [Vg, (xf:,’:n(w,t)us,(w),tgr’U(w,t,e))l) < (E[v. (~f068,(w),t0)])£, exp[(C.),r (t — t)]

(81)

From (81) one derive the estimate

(P{ry n(w,€) < t})g, <

_ewlCae -l (E[V (Fri@.n)]),

(ianIXIIZn,u>t0 Ve (x, u)) ,

&

Letting n —» o and making use of theDefinition7we now get(64).

(2)Assume that CISDE (35)-(36) is a strongly

R -dissipative. Then(1) Colombeau generalized stochastic process = {( x"s(a))) } €

[0,1], € € [0,1],"defined by setting (42) is a strongly regular and (2) the inequality
(E[ve (v @e)]), <

< (E[Ve (%25 @), t0)]) , expl(Coder(t — t)](82)

1s satisfied.

Proof.(2) Similarly as the proof of the Theorem4.
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Theorem5.Weset nowo,, [z] =1,i =1,...,n. For any solution
X0,€ Xo,€ X0,€
( tos E(w 6)> = (xl,(;,,s’,e’ ""xn,ot,,s’,e)gr
ofa stronglyR—dissipative CISDE(46)-(48) and anyR-valued parametersA,, ..., 1,,, there

exist finite Colombeau constant ¢’ = [(Cg',)g,] > 0, such that VA[A = (44, ..., 4,,)], the

inequality

lim g—)O lims_,Eq [”xt " e(w 0) — /1” ] <C'u(t, D)* (83)
6—»0
(5)-0
1s satisfied. Or in the next equivalent form: for a sufficiently smalle ~ 0and for a

sufficiently small € = 0,&’ = Osuch that

% ~ 0,the inequality

2 ~
|(tims-oEa | 3% (0.0~ 2] ) | <Enwemie @0

1s satisfied.
Here thevector-function U(t,A) = (U;(t,4),...,U,(t,4))is the solutionof the differential

master equation:

U(t,)=][bo(A,)]U(t,2) + by(A,1),U(0,2) = xq — 4, (85)
Here] = J[by(4,t)] is a Jacobian i.e.,Jis n X n-matrix:
J[bo(4,1)]= J[0by,(x, ) /0x;] _,. (86)

Proof. We let now
xfoje —A= yfos’fe' (86)

X0,€

Replacement x =Y uet Ainto Eq.(50)-Eq.(51)gives
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( yor (w 5)) _ (b C(f .8+l ()t g)) +EW (W), ul ., (@) =

&

(uft g Se(w) gt ry ee(w)) (87)
(dugfuflrff(w))gr —€ ([ Yit,e', se(w 5)] ) + \/gdWi(t).

i=1,..,n, (xz‘;’,g,e)gl =x)ER™MtE[0,T], e ¢, ¢6 € (0,1].

Thus we need to estimate the quantity

y;Co:E(a), 6')“2]

lim -0 lim(g_,OEQ “
g'=0
e—0

()0
Application of the Theorem B.4 (see Appendix B) to Eq.(87) gives the inequality (83)
directly.
Theorem 6.(Strong large deviations principle) [5],[7].
Assume that CISDE (35)-(36) is a stronglyR -dissipative. Then:

(1) For any solution
Xo,E X0,€ Xo,E
( toe e(w)> = (xl,(z“,,e’,e’ '"’xn,(;f,,e’,e)gr
of a stronglyR—dissipative CISDE(35)-(40) and anyR-valued parametersA 4, ..., A,,, there

exist finite Colombeau constant T’ = [(c;,)g,] > 0, such that VA[A = (A, ..., 1,,)]the

inequality

t,c €

2 ~
lim e Eq [[| 4% @) - 2] | < Clve vI@ 9)

g'-0
e—0

(5)-0
is satisfied. Or in the next equivalent form: for a sufficiently small € = 0 and for a
sufficiently small € = 0,&’ = 0 such that
€' /e = 0,the inequality

(e[l | < v o
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1s satisfied.

(2) For any solution

X0,E _ X0,€ X0,€
<xt,,s’.e(w)>£, N (xl.t.,s’,e' ""xn,t.,s’,f)gf

of a stronglyR—dissipative CISDE(35)-(40) andanyR-valued parametersA 4, ..., 1,,, there
exist finite Colombeauconstant ¢’ = [(C;,)g,] > 0, such that VA[A = (44, ..., 4,))]the

inequality

2 ~
£ @ =2 | < ClUE DI 89

t, e =0,e=0

li_ms—>0E.0. [|

issatisfied.Here the vector-function U(t,A) = (U;(t,4),...,U,,(t,4))is the solutionof the

differential master equation:
U(t, )=][bo(4,)]U(t, 1) + bo(4,1), U(0,2) = xo — 4, (90)
where] = J[by(4, t)]is aJacobian i.e.,Jis n X n-matrix:

J[bo(4,1)]= J[0by,(x, ) /0x;]_

Proofl.Fromtheequality

=1

te e t,e e t,e e te e

E, [||x"°'£ (@) — ,1||2] — K [|| [x50F (@) — %1% (0, 8)] + + [x2F (@, 6) - 4] ||2]

by using the triangle inequality, one obtain

Jul

)
(w,06) — A” ].Therefore statement (1) immediately follows

2
X (@) - 2% (0.8 ]+

st -af < fu

X0,€

X
t,e'e

+\/Eﬂ[|

fromTheoremAl (see appendix A), Proposition 2andTheorem5.

2.From the equality
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2 2
Xy ei=g,em0 (@) ~ 2 ” ] = Eq [” [x;?j=o,e=o(w) - xf.f’;f,e(w)] + [xf,f’éf.e(w) - ’1] ” ]

EQ“

byusingthetriangle inequality, one obtain

-

)
(w) — /1” ].Therefore statement (2) immediately follows fromTheoremA1l

2
Xpurg,em0(@) — %, (@) ” ]

wtfei - ]

X0,€

X
t,ee

+JEQ“

(see appendix A), Proposition landstatement (1).

Remark.5. We note that in general case the inequality
—_[(;: : e=0]|2
[(5(0),.] = [(timeoko [[[55w) = 252~ ]) | # 0

1s satisfied, see Example 1.

Example 1.Figures 1-2.
20 = —a- (x0F) b (x ) o xPF — gt — (91)
—x - t™-sin(Q - t5) + Vew(t),x,° " = x,

From Eq.(91) and general differential master equation (90) one obtain the next linear
differential master equation:
u(t) = —Bar> + 2bA+u(t) —(a- 2>+ b-1>+c-2) — (92)

—o-t" — y - t™-sin(Q - t*),u(0) = x, — 1.
From the differential master equation (92) one obtain the transcendental master

equation:

Figure 1.The solution of the Equation (8) in a comparison with a

corresponding solution x(t) of the ODE (10).
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|I|'||||1|

.'f\f‘l {I|r

| 1 | |
0 100 200 300 400 500
] T R

Figure 2. §(r)versusR.

(xo — A(t))exp[—(3a - 22(t) + 2b - A(t)) - t] —
— fot[a ™ esin(Q ) +a-A3() + b 22(1)] x (93)
x exp[—(3a-A2(t) + 2b - A(t)) - (t — ©)]dr = 0.

Example 1.Numerical simulation: Figures 1 and 2.
a=1,b=5c=1loc=y=-2m=n=k=2,0=35,
Xo.=0,T=5R=T/0.001.

5(r) = lim, ok |22 =°||]. (94)

x) = —a(x?)® —b(x2)? —cx) —o-t" — x - t™ - sin(Q - t*).(95)

Let € = (Q, X, P)be a probability space. Let us consider now
m—persons Colombeau-Ito’s stochastic differential gameCIDG,,.r(f, g,y, G"(R"), €)with

nonlinear dynamics:

(12 @) | = (fo (212 @) a(or))  +VEwEE )96
Heree, e’ € (0,1],¢ < 1;Vt € [0,T]: (xef(t))g, € ﬁ”;ngg’,g(w) =x, ERY, o =

(Ferr s fera) f = [(Fe)erl g = [(ge)er;

f(x,0,0), g(x,0,0) € G*(R™), a(t) = {a,;(t), ..., () }; a;(t) €EU; S RF i =1,...,m
Heret — a;(t), is the control chosen by the i-th player, within a set of admissible
control valuesU; & R¥i and the playoff of the
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i-th player is
(0%,),7E|(fy 92 (x2 (@), a(e),t) dr) | + 97)

+E[<z |25, (@) - y])l

Definition 9.CIDG,,+(f, g,y, G*(R"),€) (96)-(97) is a strongly R—dissipative if
CISDE(96) is a stronglyR—dissipative.
Theorem.7. Suppose that:
(1)CIDGy.r(f, g, ¥, G*(R™), €)(96)-(97) isa stronglyR —dissipative,
2)folo,a,t) = for_o(o, &, t): R* - R™is a polynomial
on a variablex = (x4, ..., x,)and a linear function on a
variablea(t) = {a,(t), ..., ap(t)}H.e..fo;(x, a,t) =
Tpiuisr fo; O + X2 i (), p = (iy, ., 0, Il = Ty 1,0 < <p,
3)gole,a,t) = g,/ —o(o, a,t): R* - R"is a polynomial
on a variablex = (x4, ..., x,)and a linear function on a
variablea(t) = {a;(t), ..., ap(t)}i.e.,go;i(x, a,t) =
X |u|<rg()l Ok + X121 dyi (Oa(0), = (g, - Bn), ] = X1 (5,0 <0 < p.
Then For any solution
{xof @@} = ({05, x2S i a0, ., 4, (63)(98)
of theCIDG,,.7(f, g, ¥, G"(R™),€) (96) -(97) and any R-valued

parameters {4, 1@} = {(/151), ...,A%l)), (Agz)' ...,Agﬁ))}there exist finite Colombeau
constant C' = [(Cg',)g,] > 0, such thatva[a = {11, 2®}] the inequalities

(Dlim oo Eq[ |25 @) 20| < ¢u (e a0

g'=0

(50

5 @) = 29| < v (r, a0) (992

(2) llm g—>0 EQ [|

@)
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(3) lim g—)O Eq [l
(%')*0

@lim e-0 (7% ,) < Vi(T,3,0)| + IUT PIZi = 1,...,m,

g'=0

(50

) -y | < v i,

()limeoEq | |27

s o@) 20| < ¢u(eam)|?

T,e =0

(Olim, okq [[| 7205, (@) - 2@ < Tv(7.2

2 ~
(D) lim, -oEa |42 o)~ || | < CIv P,

®Mlim, (T~ ;) < WVi(T,3, 0 + U T, I i =1, ..., m

1ssatisfied.Or in the next equivalent form: for a sufficiently small ¢ = 0,&’ = Osuch that

~

% ~ 0,the inequalities

(0| (timint-oBa 3% @) - 2 ]) | < ¢’luceam,

(
©) :(liminfg_mEQ: 7% (@) — A2 ]) ]< IV, DIE  (99b)
(

@ (1minf_oka |52 - 5] ]) || < ORI

/e
@ (1) , < W@y, 0l + U@ YI2i =1, ..m
1ssatisfied.Here Z;O:, (w) = fOT g ( x"s(w) a(t), t)
Here a functionW (t,A) = {U(t,1),V(t,A)}t =

(ULt 2), e, Un (6, )); (Vi (£, A), ..., Vi (£, )} s the solution

of the differential master game with linear dynamics:
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W(t,)=][bo (4, )|W(t, 1) + by(4, ) + (d(t), & (t)),(100)
U(0,2) =x9—A,V(0,4) =0.
And with the playoff of thei-th player is:

Ji = V,(T,y,0)| + |U(T, »)|I>.(101)
Here

bo(4,t) = {f(,0,1); g(4,0,t)}*(102)

and

J = J[bo(2,)](103)
isdacobian i.e., J is (n + m) X (n + m)-matrix:
][BO (A, t)]: J[@BO,i(x, t)/ax]]x=l.(104)

Proof. Let us rewrite Eqs.(96)-(97) of the next equivalent form
0 (gr) = (fo(@r@awr)) ++Ewew), (105)

i) ) 2% (w) = g% (22 (), a(®), t) + +VE(w(t,w)),,.(106)

Then the playoff of the i-th player is

(20,7 (225, @) | +E|(5m [z @ - »]) ]

&

Here ztzfs’f’i(w) = fot gs:,l( ;foj(w) a(t), t) dt,z, = 0.
The inequalities (99) immediately follow from Eq.(105), Eq.(106),Theorem 6and

definitions.

Example.2.2-Persons Ito’s stochastic differential game,

261
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with a small white noise.

(Dxy = x5, %, = —kx3 + a,(t) + ay(t) + Vew(t, w); k > 0, (107)
t €[0,T],x1 (0) = x10,%2 (0) = x50 € K 1;
(2) a1 () € [=p1, p1], a2 (2) € [—p2, p2];

(3)); = x#(T),i = 1,2.

Optimal control problem for the first player is:

e max (7))
a1 (t) € [=p1, p4] (az(t) € [—py, p2] )(108)

and optimal control problem for the second player is:

max min [XZ(T)]
az(t)e[_Pz',Dz](al(t)E[—pl,pl] ! ) (109)

Using Equation (100) one obtained the corresponding linear master game:

(D = uy, , = —3kAsu, — kA3 + &, (t) + d,(t), (110)
Uy (0) = x10 — A1, %2 (0) = x20 — A2 ;
(2)a,(t) € [—p1, p1], @2(8) € [—p2, p2l;
(3); =ui(T),i =12

Optimal control problem for the first player is:

min max [u?(T)]
&, (t) € [—py, p1l (&z(t) € [—p2, p2] ' )’ (111)

and optimal control problem for the second player is:
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max min [uZ(T)]
a,(t) € [—p2, p2] (c“rl(t) € [—py, pi] ! )(112)

Having solved by standard way [20]-[22] linear master game (110)-(112),one obtain
optimal feedback control for

the first player[5]-[6]:
ay(t) = & (tx (), x(1)) = (113)

= —pysign[x; (£) + [0.(8)] - x,(¢)]

and optimal feedback control for the second player:

@y (t) = dy(t, %, (8), %, (1)) = (114)
= p,sign[x; (t) + [0,()] - x, (D).

Here

0.(t) = O(1:(1)), 0, = T — £, (¢) = ¢ — (ceil (3) = 1) -7, (115)

And where ceil(x) is a part-whole of a number x € R. Thus, for numerical simulation
we obtain nonlinear ODE:

X1 = X, %, = —kx3 + ay(t) — pysign[x, (t) + [0,(8)] - x,()]. (116)

Numerical simulation: Figures 3-6.
m
k=1,1p,| <400,x,(0) =300m,x,(0) = BOE,T = 80sec,

a,(t) = Asin?(w - t),A = 100, w = 5.
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Figure.4. Optimal velocity: x,(t).x,(T) = 0.4 m/sec

Figure.5. Optimal control of the first player:a,(t) = p,sign[x;(t) + [0.(t)] - x,(t)].
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Figure.6. Control of the second player:a,(t).

Let € = (Q, X, P)be a probability space. Let us consider now

m -persons Colombeau-Ito’s differential game

CIDG.r(f, 9.y, G™(R™), B(t), (t), ©)with imperfect measurements and with imperfect
information about the system [5],[6]. The corresponding stochastic nonlinear dynamics

1s:

(xog(“’)) <f£’(x°s(w) ‘P(t)a(txx°s+ﬁ(t)),t)) (117)

8,

+Ve(w(t, w))s,; g €(0,1], w € Q,

and the playoff of the i-th player is:

(i;‘"',,-)s [(f 9¢ z(xxos(w) a(t, @), ) ) ,] + (118)

k(3 P -l |

HereB(t) =(B1(t), ., Ba () 9(t) = (91(), ., 9 (t)) and Vt € [0, T]: (x (1)), €
R 225 (@) = Xo.f = [(fe)e], g = [(@e)e]: F(x,00,9), (x00) € G™(R™), a(t) =

{al(t)l "'fam(t)}; al(t) € Ui g Rki,i = 11 -, M, ﬁ(t) = {ﬁl(t)' ---rﬁn(t)}; ‘P(t) =
{@1(8), .., 0 (D}
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Definition10.CIDG,, +(f, g,y, G"(R"), €)isa stronglyR —dissipative if corresponding
CISDE (117) is a strongly R —dissipative.

Theorem.8. Suppose that:

(DCIDGyr(f, 9,3, G"(R™), B(1), (1), €) (117)-(118) 1s

a strongly R —dissipative,

Df oo, (8, &, 1) = for_y(o, (), & 1): R" - Rtis a

polynomial on a variablex = (x4, ..., x,)and a linear function

on a
variablea(t) = {a,(t), ..., ap(t)}i.e..fo;(x, @(t), a,t) =
Sututer fls (DX + X 0 (O (), 1= Gy oy i), 1] = Xy 7,0 < i < p,
3)go(e,a,t) = g, (o, a,t): R* - R"is a polynomial
on a variablex = (x4, ..., x,)and a linear function on a
variablea(t) = {a;(t), ..., ap(t)}i.e.,go;i(x, a,t) =
Tululsr Go; (O + X1 dii(Oar(®), p = (iy, .., i), 1l = X 5,0 < i <p.
Then for any solution

{ o E’Z(t)}

({x25, . %% ) (@ (8), ..., @ ()} ofthe CIDGyyr(f, 9,3, G*(R™), B(£), @(t), €) (117)-(118)
and for any

R-valued parameters {4V, 1@} = {(Agl), ) 1511)), (/1(12), . /15,2,))} there exist finite
Colombeau

constant C' = [(C's,)s,] > 0, such thatvll[/l = {A(l),/l(z)}]the inequalities
(1) _(liminfg_,OEg ||x202_ (@) - 29| ]) ] < T|u(t, 2|7,
- - 8’

(2)-(liminf£_,0Eg- (@) - 49| ]) I]SZ"IIV(T,A)IIZ,(119)

@ (1minf_oka |52 @) - ] ]) | < EM0ET I

&

@(15,) , < WVTy, 0l +IUT DI, i =1,..,m
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is satisfied. Herez;‘,’,’:, (w) = fOT g, (x;f’j(w),a(t),t) dt.
Here a functionW (t,A) = {U(t,4),V(t, )}t =
{(U1 (t,A),..,U,(t, /1)); (V1 (t,4), .., V(e A))}tis thesolution of the differential master

game with linear imperfect dynamics and with imperfect measurements:

W(t, D)=][bo(4, @), )|W(t, 1) + be(4, (D), 1) + (120)
+(d(t), a,(t, B)))U0,2) = x9 — 4,V (0,4) =0

and the playoff of the i-th player is:

Here

bo(4, (t),t) = {f(2,¢(t),0,t); g(4,0,1)}", (122)
And here | = ][EO(A, t)]is Jacobian i.e., J is (n+m) X (n + m)-matrix:

J[Bo(2, (1), 0)]= I[dbo,;(x, @ (1), 1) /8x;] _,.(123)

x=

Proof. The proof is completely to similarly a proof of the  Theorem 7.
Example.3.2m-Persons Ito’s stochastic differential game with a small white noise, and
with imperfect measurements.
(D)xy = x5, %, = kx5 + kyx2 + ay[t, x; (£), x5 () + ()] + ay(t) + Vew(t, w); ky >
0, (124)
t €[0,T],x; (0) = x10,%, (0) = xp0; € K 1;
(2) a1(6) € [=p1, p1], a2 (8) € [=p2, p2];
(3)); = x2(T),i = 1,2.
4)B(t) = A-sin?(w - t).

From Equation (120) one obtained corresponding linear master game:
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Dy = up,up =
—(Bky 23 — 2kyA)uy — kA3 +
& [t,ug (0),uy () + F(O)]+a,(2), (125)

Uy (0) = x10 — A1, %2 (0) = x50 — A3
(2)a1(t) € [—p1, p1], @2 (2) € [—p2, p2];
(3); =ui(T),i =12

Having solved by standard way linear master game (124) one obtain local optimal

feedback control of the first player [5]:

ay(the1) = —plsign[xl(tn) + (tns1 — tn)(xz (to) + ,B(tn))]’ (126)

and local optimal feedback control of the second player:

az(tn+1) = pZSign[xl(tn) + (tn+1 - tn)(xz (tn) + B(tn))] (127)

Thus, finally we obtain global optimal control of the next form [5]:

a,(t) = —pysign[x, (£) + [0:(D] - (2, (D) + B(©®)], (128)

a, () = posign[x, (£) + [0:(D] - (x2(8) + B©D))]. (129)

Here 0.(t) = Hr(n,(t)), 0,=t—t,n(t)=t— (ceil G) - 1) - T, whereceil(x)is a

part-whole of a number x € R. Thus, for numerical simulation we obtain ODE:

Xy = Xp, % = —kyx3 + kzxzz_P1Sign[x1(t) [Qr(t)](xz(t) + ﬁ(t))] + +P2518n[x1(t) +[0:(D)]-
(x2(0) + BD)]. (130)

Numerical simulation: Figures 7-12.Game with imperfect measurements(red
curves x; (t)andx,(t)) in comparison with a classical game with perfect measurements:

blue curves y, (t)andy,(t),5(t) = A-sin?(w - t),A = 100,w = 5.
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Figure7.Uncertainty of speed measurements £(t)

\
\

Figure9. Optimal trajecto
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Figure 10.0ptimal velocity.
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Figure 12.0ptimal control of the second player.

3. Homing Missile Guidance with Imperfect Measurements Capable to Defeat

in Conditions of Hostile Active Radio-electronic Jamming
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Homing missile guidance strategies (guidance laws) dictate the manner in which the
missile will guide to intercept, or rendezvous with, the target [20]- [21]. The feedback
nature of homing guidance allows the guided missile (or, more generally, the pursuer)
to tolerate some level of (sensor) measurement uncertainties, errors in the assumptions
used to model the engagement (e. g., unanticipated target maneuver), and errors in
modeling missile capability (e.g., deviation of actual missile speed of response to
guidance commands from the design assumptions). Nevertheless, the selection of a
guidance strategy and its subsequent mechanization are crucial design factors that can
have substantial impact on guided missile performance. Key drivers to guidance law
design include the type of targeting sensor to be used (passive IR, active or semi-active
RF, etc.), accuracy of the targeting and inertial measurement unit (IMU) sensors,
missile maneuverability, and, finally yet important, the types of targets to be engaged
and their associated maneuverability levels.

Figure 13 shows the intercept geometry of a missile in planar pursuit of a target.
Taking the origin of the reference frame to be the instantaneous position of the missile,

the equation of motion in polar form are [22]:

R =Ré? + aj, [t,ﬁ(t),ﬁ(t)] + ak(b), (131)
RG + 2R = aly[t, (1), 6(0)] + af (D), (132)
ay(t) € [-ay, ayl, a7 (¢) € [—ar, ar),

apn(t) € [—ay, ayl, ar(¢) € [-ar, arl.

1. The variableR = R(t) denotes a true target-to-missile range

Ry (0).

2. The variable R = R(t) denotes it is measured target-to-missile range: Ry, (t)
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Missile

Figurel3. Planar intercept geometry.

3. The variableoc = o(t) denotes a true line-of-sight angle (LOST) 1. e., the it is true
angle between the constant reference direction and target-to-missile direction.

4. The variableé = G(t)denotes it’s really measured line-of-sight angle (LOSM) 1.e., it is
measured angle between the constant reference direction and target-to-missile
direction.

5. The variableay, (t) = aj[t, a(t), 6(t)]denotes the missiles acceleration along direction
which perpendicularly to line-of-sight direction.

6. The variableay, (t) = a}, [t, R(t), R(t)]denotes the missile acceleration along
target-to-missile direction.

7. The variablea?(t) denotes the target acceleration along direction which
perpendicularly to line-of-sight direction.

8. The variablea(t) denotes the target acceleration along target-to-missile direction.
Using replacementz = Ré into Equation (131)-(132) one

obtain:

R=%+ay [o, RO, RO)] + a5 (), (133)

7= =24 an[e, 50, 20] + a}(0),(134)
z(t) = R(t)d(v), (135)
3(t) = R(£)6(t) + R(D)E(L). (136)
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Here we denoted:

R(H) 2 R G(t) 2 5 3(t) 2 5(¢), (137)
G(t) 2 6(b),2(t) 2 2(b). (138)
Suppose that:

R(t) = R(®) + B1(1),6(t) = a(t) + B, (D). (139)
Therefore:

R() = R(E) + B2 () = R(&) + By (6, By () = B (0. (140)

3(t) = 6(0) + (), 6(t) = 6(t) + Bo(6).(141)
z(t) = R()a(t) = [R(®) + B (D][6(®) + B ()] =(142)

R (1) + B (D)[6(2) + B ()] + R(D)B, (1) =
~ 2(t) + B (O[5 (8) + B, ()] + R()B(t) = 2(t) + B5(8), (143)
Bs(t) = BL()[6() + B2 (0] + R(£)B,(),(144)
2(t) = z(t) + [, B3 ()dr = z(t) + By (£).(145)

Let us consider antagonistic Colombeau differential game

CIDG,.r(f,9,y,G"(R™), B(t),C),B(t) = (Bl(t),ﬁz (t)) with non-linear dynamics given by
Eq.(133)-Eq.(134), and imperfect measurements [5]-[6]. Using replacementR(t) =
V.(t),z(t) = n(t), from Eq.(133)-Eq.(145) one obtain:

R=1, (146)
=2+ a0 + a0, (147)
ayy (t) = & [t, R(®), ()] — ke T3 (D), (148)
R(®) = R(®) + B (), V.(6) =V, + B (1), (149)
z=n, (150)
N ="+ ag(e) + af(o), (151)
aj(6) = gy [t, 2(0), ()] — ka1 (1), (152)
() = 1(6) + B3(0),7() = 1(6) + Ba (), (153)

aw(t) € [-ay , ayl ar(t) € [-ar, ar], (154)
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dy (t) € [—ay , ayl, ar(t) € [-ar,ar], (155)

Ji = R*(ty),i = 1,2. (156)

Optimal control problem of the first player is:

— min["Y;(t;)]

Ji= {dM(t) € [-al, ak], al ) € [-ak, ab, } (157)
where

. _ max[R?(t,)]

Y, (ty) = {dT(t) € [~ah. &%), a3 (E) € [-ah, am}' (158)

Optimal control problem of the second player is:

o max[Y,(t;)]

)2 = {dr(t) € [—a}, ay], a(t) € [-a%, a;‘,,]}’ (159)
where

, _ min[R?(t,)]

Y,(t) = {dM(t) € [—aly, am,éﬁl(t) c [—c_l,’\},dm}' (160)

From Equations (146)-(160) one obtain corresponding linear master game:

() = v,(t) + Ay, (161)
U () = =3k 250, (t) — ki 23 + @y (1) + a7 (6), (162)
dy (t) = dylt, 7(0), 7 (0], (163)
7(t) = A +r () + B1(2), (164)
B.(t) = A, + v,.(t) + B, (D), (165)
71 (8) =1 (6) + 13, (166)

M1 (1) = =3k 237, () — kA3 + dj(0) + dr(b), (167)
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71 () = A3 + 11 (t) + B3 (D), (168)
ay(t) € [-ay ,ayl dr (t) € [-ar, ar], (169)
ay(t) € [—ay ,ayl, dr(t) € [-ar, ar], (170)
J, = r2(ty),i = 1,2. (171)

Optimal control problem of the first player is:

min[Y; (¢;)]

b= {de € [~y ayl, &y (t) € [~al, afy } (172)
Where
, _ max[/; (t;)] }
Yu(t) = {dm) € [—al, @il ar (o) € [-ab, a1 (173)
Optimal control problem of the second player is:
= max[Y,(t;)] }

= 174
J2 Lﬁ(t) € [~ap, @), af (@) € [~ab a1’ (174)
where
, _ min[/, (t;)] }
G0 = e Lananhan® e ana) O

From Equations (24) we obtain quasi optimal solution for the antagonistic differential

game CIDG,.r(f,g9,y,G"(R"),B(t),€) given by Equations (21-23). Optimal control

{au (t), ay (t)}of
the first player are [5]-[6]:

aylt, R@®), V()] =
—aysign{[R(t) + B, (D] +
0. + +,. (D]}, (176)
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anle, 2(6),z(0)] = 177)

= —aysign{[z(t) + B, (O] + 6, (O [2() + Bz (D]}

Thus, for numerical simulation we obtain ODE’s:

R=1V, (178)

V=

2 — agsign{[R(D) + By (D] + 0, O[(0) + B O]} — ~ka [0 + B )] +
ar(t), (179)

7= "0 — agsign{[2(6) + By (D] + 0.(O[2(8) + B3 ()]} -

—k,[z(t) + 34(1:)]3- (181)

Example.4. Figures 14-24.7 = 1073, k; = k, = 1073,a} = 20m/sec?, a%r = 20m/
sec?, R(0) = 200m,V,.(0) = 10m/sec,
2(0) = 60,2(0) = 40, a}(t) = aj(sin(w - )", ak(t) = a(sin(w - £))%, B;(t) = B(sin(w -

))",i=1234,0 =50, =20,p=2,q=1.
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Figure 15. UncertaintyfB;(t) of measurements of a

variable R(t).

Figure 16.Target-to-missile rangeR(t).R(30) = 7.2 x 107 3m.
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Figure 17. Speed of rapprochement missile-to-target:R(t).

Figurel8.Variablez(t) = R(t)d(t).

Figure 19.VariableZ(t).Z(T) = 2.172.
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ow(t) 0

Figure 21. Missile acceleration along target-to-missile

direction: aj,(t).

Figure22. Missile acceleration along direction which perpendicularly to
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line-of-sight direction: ay,(t).

25

20 H

aTr(t) 10

Figure 23. Target acceleration along target-to-missile

direction: af(t).

Figure 24. Target acceleration along direction which perpendicularly to

line-of-sight direction: a}(t).

4.Jumps in Financial Markets

A classical model of financial market return process, such as the Black-Scholes [23], 1s
the lognormal diffusion process, such that the log-return process has a normal
distribution. However, real markets exhibit several deviations from this ideal,
although useful, model. The market distribution, say for stocks, should have several

realistic properties not found in the ideal log-normal model: (1) the model must permit
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large random fluctuations such as crashes or sudden upsurges, (2) the log-return
distribution should be skew since large downward outliers are larger than

upward outliers, and (3)the distribution should be leptokurtic since the mode is usually
higher and the tails thicker than for a normal distribution. For modeling these extra
properties

phenomenologically, a jump-diffusion process with log-uniform jump-amplitude
Poisson process it is usually applied. Let S(t) be the price of a stock or stock fund

satisfies a Markov, continuous-time, jump-diffusion stochastic differential equation
dS(t) = S(O)[udt + adZ(t) +](Q)dP(t)],S(0) = S,, (182)

Where uis the mean return rate, ois the diffusive volatility, Z(t)
is a one-dimensional stochastic diffusion process, J() is a log-return mean p;and

Varianceajzrandom jump-amplitude and P(t)is a simple Poisson jump process with

jump rate A. The processes Z(t) and P(t) are pairwise independent, while J(Q) is also
independent except that it is conditioned on the existence of a jump in dP(?) it is
conditioned on the existence of a jump in dP(t).The numerical simulation a jumps in
financial markets based on , jump-diffusion stochastic differential equation(182), was
considered in many papers, see for example [23]-[25],

In contrast with a phenomenological approach we explain jumps phenomena in
financial markets from the first principles, without any reference to Poisson jump
process.

We claim that jumps phenomena in financial markets completely induced by
nonlinearity and additive “small“ white noise in corresponding Colombeau-Ito’s
stochastic equations.

LetC; = (Q;,Z,,P;),i = 1,2 be a probability spaces such that: Q; N Q, = @.Let W(t, w)be

a Wiener process on €;and let

W (t,w)be a Wiener process on €,.Let us consider now a family (J’tf‘gsg, (w, w)) of the
W, g/

Colombeau generalized stochastic processes which is a solution of the Colombeau-Ito’s
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stochastic equation with stochastic coefficients:

(ngfg,(w,w» =(bgr (w,xi‘;g,(a),w),t)) +

g g’

+VDw,i(t, @) + Vew(t, w); &,¢' € (0,1],w € Q;, @ € Q,. (183)
Herew(t, w)and w(t, w)is a white noise on R" 1.e.,
w(t, @) = = W(t, @), w(t,w) = ZW(t ) (184)
is almost surely in D', andw,(t, w)is the smoothed white noise on R" i.e.,
w (¢, @) = (w(t, @), @ (s — 1)), (185)

where ¢,/ 1s a model delta net [2], [4].
Definition 11. (I) CISDE (183) is R -dissipative if there exist
Lyapunov candidate function(Vgr (w, x, t))g,:ﬁR?” x[0,T] »
R andpositiveinfiniteColombeau constants ¢ = [(C,)./] € R,
# = [(r.) ] € R ,,such that:

(Dve € (0,1] : PZ{V*,gf(w) = 00} =1,
whereV, /(@) = limg_,o, (inf||x||>RV£r (w, x, t)),and

2)V[(x) e 1 Ulxer D 7] = #)theinequality
[(VEI(ZD', X, t; bgr)) I] <C [(Vgl (w,x,r, t))g,] P, — 0.s.(186)

1s satisfied.Here

[(VSI(ZD', X1, t; bgl)) ] =

8I
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av ,(w,x l,t) av r(m,x l,t)
[(%) I] + Z?:l [(% bi,gf(w, X, t) . (187)
& Le el

Or in the next equivalent form:
CISDE (183) is R -dissipative if there existLyapunovcandidate

function(Vsr(w, X, t))s,: R™ x [0,T] » R and positive infinite Colombeau constants C =

[(C.He1ERY,
#=[(rs).] € R,, such that:

(DVe' € (0,1] : Po{V, (@) = o} = 1,

where V, /(@) = limg_, (inf||x||>Rng (w, x, t)). and

(2")Ve' € (0,1]Vx, [(x, € R™) A (Jlxy]| = o) ] the inequality
(Ve @, 2, bgf))s, < (€N (Ve (@, x,D) Pp- a5 (188)

1s satisfied. Here

(VSI (w, X1, t; bgr))g, =

av /(w,x I,t) n av r(w,x /,t)
( - at - )g’ +( i=1 £ax- ,8 bi’gl(w’ x‘g,’t)

ie

) (189)
8’
(ITI) CISDE (183) is a stronglyR -dissipative if
Lyapunov candidate function(Vgr (w, x, t))g,:ﬁR?” x[0,T] » R,

&' € [0,1]andpositive finite Colombeau constants

C= [(C.).] € @+,f = [(r.).] € @+,such that:

(DVe' € (0], o = lim, o (inf o Ver (2, ) = o0,and2)V[Cee) 1 ([(llxr D] = 7) the

inequality
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[(Vgr(w, x.,t; bgr)) ] <C [(Vg/(w, ng,t))g,] P;- a.s.

g,

1s satisfied. Here

[(VEI(ZU, X, t; bg/)) ] =

oV (w,x,1,t) n
l( at ) ’l +Zi—1

£ =

oV (w,x,1,t)
(#b*’(“' ""””) ]
£

Let us consider now a family (xf‘;: / (w)) of the solutions of the Colombeau SDE:
Ey 8’

t,€,& &€ ,€ t, €&

(dx"o'f (0, @, 5)) = (b (22 (0@,0),t, w)) +VDAW (t, @) +Vew(t, ),
(190)

(xxo’g) ! = xO € R\Tl' t e [Or T]Iglgll € (0’1]'6 € (0’1]n
&

0,
Here W(t) 1s n-dimensional Brownian motion,
andve € (0,1]", vt € [0,T] and for almost all @ € Qz:(bgr,e(x, t, w)) , € GM(R™), boo(:
&
6, @) = by o, t,@): R" > R"is a polynomialvector-function on a variable x =

(X1, s Xn) 1€, bigo(X,t,@) = X jaj<r bioo (@)Y, a = (iy, .., i), lal = Xi=1 5,0 < i; <p,

and
bi,E’,E (x(t), tl w—) = bi,0,0 (xé",e' (t, w); t; w)

Herex, (t,w) = (xl‘gr,&e (t, @), ., Xp et e et w)),
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x;(t)
L4 ex?(0) + ¢ [e J) 0l (DI @ dr + VoWt )|

xi'gf,e(t, ZD-) =

i=1,..,n.Now we let

t

w(®) = & [ B L@ @ + VEWi(t,),
0

and rewrite Eq.(190) in the canonical Colombeau-Ito form:

<dxx°£ (w, @, 6))

g

t£6

= (boo (220 @.0,8),u8  (@)t)) ++VDw, ()

s s 40
+Vew(t, w),uyp o, (0, @) = (ul,t,,e o), .u, g (0 w)),

(dult o e(w,w))gl =

El( L[ Lte e(w ID')][ ts e(w ID')] )
VEadw;(t, ), (191)

i=1,..,n, (x;‘;’,g)gl =x,ER™t€E0,T], &€, €66 € (0,1].

Theorem 9.(Strong large deviations principle SLDP)
We set now@ei[z] =1i=1,..,n
(DAssume that CISDE (191) is a stronglyR -dissipative. Thenfor any solution

(4% 0.2.9) = (515% 00,8032 0,.8))

t S ,€
of a stronglyR—dissipative CISDE(191) and anyR-valued parametersi,, ..., A,, there
exist finite Colombeau constant T’ = [(c;,)g,] > 0, such that VA[A = (4, ..., 1,,)], the
inequality

2 -

lim €0 lims_,oEq, [||x;‘08'f€(w, w,0) — /1” ] < C'|U(w,t,A1)]|>(192)

0 €,
-0

(%)-0
P,- a.s.is satisfied. Or in the next equivalent form: for a sufficiently small € ~ 0 and for

a sufficiently small € = 0,&’ = 0 such that % ~ 0, the inequality
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[(llm(g_,oEQl “

F (w,,68) A ]) ]< C'lUG, &, D)2

P, — a.s.is satisfied. P,

Here the vector-functionis the solution of the differential master equation:
U(w,t,)=][by(4,t,@)]U(w,t,A) + by(A,t, @), U(0,A, @) = xg — A.

Here] = J[by(4,t,w)]is a Jacobian i.e., J is n X n-matrix:

[bo(4, t,@)]= I[dbo(x,t, @) /0x;] _.

(IT) Assume that CISDE (183) is a stronglyR -dissipative. Then for any
solution( . E,e(w w)) = (xf‘t’ gg,e(w W), ..., :lc"tgg,e(w w))
8
of a stronglyR—dissipative CISDE (185) and anyR-valued parametersl, ..., 1,,, there

exist finite Colombeau constant T’ = [(c;,)g,] > 0, such that VA[A = (4, ..., 1,,)], the

inequality

|(Ea, ||| @2 - ]) |=cmv@ o,

P,- a.s. is satisfied.

(III) For any solution

X0, X0, Xo,€
( tos e(a) w))g, = (xl,g,,e',e' ""xn,ot,,e’,e)er
of a stronglyR—dissipative CISDE(185) and anyR-valued parametersA 4, ..., A,,, there
exist finite Colombeau constant C’ = [(Cg',)g,] > 0, such that VA[A = (44, ..., 4,))]the

inequality

t, ' =0,e=0

2 ~
lim, oBg, [[ %22, (0. @) = 4[| | < €U, L DI (193)

P,-a.s. is satisfied. Here the vector-function U(w,t, ) =(U,(w,t,4),...,U, (w,t,4)) is the
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solution of the differential master equation:

U(w,t,)=][by(A,t,®)]U(w,t,2) + by(A,t, @), U(0,A, @) = xo — 4,
where] = J[bo(4,t,w)]is a Jacobian i.e., J is n X n-matrix:
J[bo(, t,@)]= J[dbg;(x, t, @) /ax,-] _

X0,€

1o (0 D).

Proof (I) we let now x , J[ww)—A=y

xoe X0,€

Replacement X, (w w) =Y, v (0, @) + A1into Eq.(191) gives

( x°£ (w w, 6))

_ (b (VO (0,@,0) + Al ., (w,@),t, e)) +HVEW ()l (@)

&

= (uf,t,,e',s e(a) ZD') flt g’ se((‘)' ID')),
(duft"gr‘g’e(a), w))gl = e([ le: se(w w, 6)] ) +Védw,(w, t),

i=1,..,n (xx"’,‘g ) =X € R™t€[0,T],&¢, 66 € (0,1].
&

0,e’,e

Thus we need to estimate the quantity

2
X0,€
lim £-0 lims_oEgq, [”yt"g,‘e(w, w, 6)” ]
-0
€—0

(5)0
w € 0y, @ € ,.
Application of the Theorem B.4 (see Appendix B) to Eq.(191) gives the inequality (192)
directly.
(IT) From the equality

Eq, [”xzf’;e(a),w) —,1||2] = Eq, [”[xzf’;e(w,w) X% (0,0,8)] + [ (@, m,8) - A ]

by using the triangle inequality, one obtain

J Ea, |20, - 4[] < JE“I (5 0.0 35 w00 ] ¢
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+\/Eﬂl[|

Therefore statement (II) immediately follows fromTheoremAl (see appendix A),

X0 () §) — /1|| ]

tEE

Proposition 2andTheorem5.

(IIT)From the equality

Eq, “ xo¥ (w, @) — l”z] =

t,e'=0,e=0

=y [ ep0) — 522 0]+ [ 0. - 4] ]

byusingthetriangle inequality, one obtain

jE"l “ Xy =0,e=0(@ @) = '1” 2] = \/Enl “

+\/EQ1 [”xts e(a) w) — A” ]

Therefore statement (III) immediately follows fromTheoremA2 (see appendix A),

xzf’s'fzo,e (W, @) — xx"g (o, w)” ]

Propositionlandstatement (II).

The stochastic dynamics (183) we take now in the following form

(fgz,(w zzr)) =(F (x5 . (0 @), t)) +

8 &
+VDw,i (t, @) + Vew(t, w); &, &' € (0,1],w € Oy, @ € Q,.

The force fieldF,s is assumed to derive from a metastable potential which undergoes an
arbitrary periodic modulation in time with period ti.e,F /[x,t 4+ T] = F[x, t].

The random time-dependent force fieldF,/(x,t) takes the following form

F.x,t] = =V(x) + Asin(Q - t) + Bcos(0 - t)+\/5W£I(t, @) +Vew(t, w); ¢, '
€ (0,1],w € 2, @ € ;.
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As an example we consider a force field with a double well potential V(x) as cartooned
in Fig.25.
The stochastic dynamics (183) takes the following form:

xf;’) (w, @) = —a[xéf;’) (w, w)]3 + bx;fg(a), @) + Asin(Q - t) + Bcos(0 - t)+c + VDw (t, @) +

+Hew(t, w), x5 (w, @) = x.(194)

Using Theorem 9.(III) one obtain the next differential linear master equation
U(t,A) = —(3al?> = b)U(t,A) + Asin(Q - t) + Bcos(0 - t) —
—(aA? —bA) + c +VDW (t, @) + Vew(t, w), U(t, ) = xo — A.
Solving this differential linear master equation, we obtain the next transcendental

master equation

(xo — A(8) )Jexp[—(3ar? — b)t] — (aA® — bA —¢) X

X ftdrexp[(BaAZ -b)(t—1)] +
0

+ fth[Asin(Q - t) + Bcos(0 - t)]exp[(3al? — b)(t — 1)] +
0

+VD [ exp[(3a4? — b)(t — D)]dTW (7, @).
Note that

ftexp[(BaAZ -bD)(t—-D]diW(,w) =W(t, ) —
0

t
—(3aA? = b) f W (t,@)exp[(3al? — b)(t — 1)]dr.
0
Finally we obtain the next transcendental master equation
(xo — A(t) )exp[—(3aA? — b)t] — (a2® — bA — ¢) XX fot drexp[(3al? — b)(t — 1)] +

+ fot dr[Asin(Q - t) + Bcos(0 - t)]exp[(3aA? — b)(t — 1)] + VDW (t,w) — VD (3al? —
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—b) [, W(z,@)exp[(3a2* — b)(t — D)]dr. (195)

Figure 25.Comparison of: (1)dynamics(194) with D =0

€ = 0(red curve) and (2) quasiclassical (blue curve) dynamics

in the limit & - 0, calculated byusing SLDP.a =1,
b=1c=0,A=05B=0,1=50=0D=0,x, =-0.1.

Figure 26. Comparison of: (1) stochastic dynamics (194) with

€ =0,D # 0, (red curve) and (2) quasi-classical (blue curve) stochastic dynamics in the

limit € — 0, calculated by using

SLDP.a =1,b=1,c¢=0,A=05B=0,1=5,0=0,D=0.01,x, = —0.1.
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Figure27.Evolution of SLM (NYSE) February1993 [26].

Figure 27 shows the evolution of SLM over a one month period (February 1993) [26].
The price behavior over this period is clearly dominated by a large downward jump,
which accounts for half of the monthly return. If we go down to an intraday scale shown

in Figure 29, we see that the price moves essentially through jumps.

Figure 28. Comparison of: (1) stochastic dynamics (194) with

e=0,D # 0 (red curve) and (2) quasi classical (blue curve) stochastic dynamics in the
limit & — 0, calculated by using SLDP.a =1,b=1,c=0,A=05B=0,Q0=5,0=
0,D=1x,=—1.
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Figure 30. Comparison of stochastic dynamics (194) with
e =0,D # 0 (red curve) and quasi-classical (blue curve) stochastic dynamics in the
limit € — 0, calculated by using

SLDP.a =1,b=1,c=0,A=05B=0Q=50=0,D=2,x, =—1.
5. Comparison of the quasi classical stochastic dynamics obtained by using
Saddle-point approximation with a non perturbative quasi classical

stochastic dynamics obtained by using SLDP.

The double stochastic dynamics we take of the next form [7], [27]

x(t) = F[x(t), t] + VDw(t, w) + Vew(t, w)
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The force field F[x(t),t] is assumed to derive from a metastable potential which
undergoes an arbitrary periodic modulation in time with period ti.e,F[x,t + 7] =
F[x,t].An examples, is a static potential V(x) supplemented by an additive sinusoidal
and more general driving. The time-dependent force field F[x,t] takesthe following

form:

Flx,t] = =V (x) + Asin(Q - t) + Bcos(0 - t)

We have compared now by quantity

6(w,t) = ||x51°3(zzr) — M@, t)” (196)

the above analytical predictions for the e-limit (193)given by
master equation (195) with very accurate numerical results for stochastic dynamics
given by Ito’s equation

x5 (@) = xo + fOtF(x,fg (@),s)ds +VDW(t, @) (197)

And we have compared now by quantity

o(w,t) = ||x,f°D(w) — Ep(w, t)” (198)

the quasi classical analytical predictions for the &-limit

t,e'=0,e=0

lim, B, | [5:%g co(w. 2| (199)

given by saddle-point approximation [7],[27],denoted by E,(w, t),withvery accurate
numerical results for stochastic dynamics given by Ito’s equation (197).
Example 5. Double well potential. As example we consider the force field with a double

well potential V(x) as cartooned in Fig.31.
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05

RG]

Figure 31.Double well potential a = 1,b =1,c = 0.

a b
V(x) = —Zx4—§x2—cx,a> 0,b > 0.

The time-dependent force field (31) takes the following form:
F[x,t] = —ax3® + bx + ¢ + Asin(Q - t) + Bcos(0 - t)
The stochastic dynamics (197) takes the following form:
59 (@) = —a[x5 ()]’ + bx%(w) + ¢ +

+Asin(Q - t) + Bcos(6 - t),xécfl’) (w) = xo.
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Figure 32.Comparison of: (1) classical dynamics (194) with D = 0,& = 0(red curve), (2)
corresponding quasi-classical dynamics with D = 0,& # 0in the limite — 0, calculated
using SLDP(blue curve) and (3)quasi-classical dynamics in the limit & -

0, calculatedusingsaddle-point approximation[7],[22] (green curve).a = 1,b =1,c =

0,A=1B=0Q0=50=0D=0,x5=0.

Figure 33.The realization of a Wiener processw(t) = VDW (t), where W (t)is standard

Wiener process, D = 1073,
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W BEXC

z(t) —~

Aty

Figure34. Comparison of the quasi classical stochastic dynamics (red curve) obtained
by using Saddle-point approximation [7],[22] and quasi classical stochastic dynamics
(blue curve) obtained by using SLDP: a =1, b=1, ¢ =0, A =0.3, B=0,0-5,0-0,D=103, x,
=0.

06 \ B

&(1) '\.

Figure 35. 5(o,t) Comparison of the quasi classical stochastic dynamics, obtained by

using Saddle-point approximation [7] and quasi classical stochastic dynamic sobtained

by using SLDP. a=1, b=1, ¢ =0, A=0.3, B=0,0-5, e=-0,D=103, x, = 0.
6. Strong large deviations principles of Non-Freidlin-Wentzell Type.

Definition 12. [4] Let € = (2,2.P) be a probability space. Let

€R be the space of nets(X Er(w))g,of measurable functions on 0.

Let €Ry be the space of nets (X,),r € ER, &’ € (0,1],with the

property that for almost all w € 2 there exist constantsr,C > 0
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ande, € (0,1] such that|(X,/)/| < C(e")", &' < &.
Definition 13.Let be a distributioné € D'. Distribution é

1s the generalized probability density of net
(X)) € ER, &' € (0,1]iftVf € D: (E[X,(w)]) o = E(f).

Let us consider now Colombeau-Ito’s SDE:

(axis @) | = (b (05 @),e")) | +VedW (", w) (200

(|f (xf;{f,(w))])8, = F(xo) %o = ' €R™t" € [¢,T], (201)

g, ¢ €(01],f € C°(R™), x4 € supp(f).

Assumptionl.We assume now that there exist Colombeau constants (C,’),s and
(D), such that

(D) (Iber (6, DIDer < (€A + XD, (202)

@ (lby (x,6) = by (7, 0Dy < (D) )llx i
for all t € [0,o)and all x and y € R™.
Here W(t) is n-dimensional Brownian motion, and
vt € [0, T]:(ber (x,1)), € G*(R™), bo(,t) = bor—o(,1):R" > R™
is a polynomial on variable x = (xy,...,x,) i.e., by;(x,t) = Xq |q<r bo: )x% a =
(i, ooy i), || = Z;Ll j,0<1i; <p.
Assumption2. We assume now without loss of generality that x, # 0.
Colombeau-Ito’s SDE (200)-(201) is well-known to be equivalent to the

Colombeau-Fokker-Planck equation

<6p§f (q.t'lq", t”)> _. z" (azp? (q.t1q", t”)) B
ot" y =1 aqluaqlu y
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a 11 14 ! ! 14 rn
- i=1 (W (bi,gl (q ) t )p;’ (q ) t |q ) t ))) . (203)
£I

With initial condition of the form

(re(a.t'lq"t)) , = (@ —q)) , = 8@ - q". (204)

g g
Colombeau PDE (203)-(204) can be solved formally in terms of Feynman path integral
of the form [27]-[28]:

(pE(q't'1q",t")) | = limy oy (g, t'1q",t"). (205)

e
Here
In(q',t'|q",t") =
Ny f_oooo dq, fjooo dq ... f_oooo aqm, .. f_oooo dqy_, X (ps, (g0 —
q’))g, exp [_ 2_15 (Ss’ (90,91, -, An-1,qn> S))s,](206)
ay =q",dqy=11}=1dq;m, m=0,...,N,At = (" —t')/N, t,, = mAt,

(Ss' (90,91, > 9n-1, N> 5))81 =

= Ac =l (Lgr (Tm=tmes, "m‘;’m‘l,tm))sl (207)
and
gt e ), (B ) -
—e Xy by (2 1) (208)
biie(q,t) = 6b+;lqt) g ¢ €(0,1].

Here (pﬁr (q',t'\q", t”))slis the generalized probability density that the system (200) will
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end up at ¢" at time ¢'"if it started at ¢’ at time ¢’ and hereNyis the usual overall

normalization of the path integral
Ny = (2meAt)™™/2 (209)

Remark1.Note that Colombeau-Fokker-Planck equation (203)- (204) is just a
Euclidean Colombeau-Schrodinger equation, and is well-known that one can

transform Colombeau-Schrodinger equation

(ausf) e (Au.)
ot )y~ 2 e

—i(Vauy),, (usl(O))e, = (@), €' €(0,1] (210)

into mathematically rigorous path integral by standard method using Trotter's Product
Formula [29].Here A is the Laplace operatord?/dx? + .-+ 0%/0x2,Vyis a
realmeasurable function onR", ¢,rand each u,areelements of L,(R")and ¢ is a

constant. Let F denote the Fourier transformation, F ~'its inverse. We define now as

usual [29]:

o) = (FEIADFl]), . € € (0,1] (211)
on the domainD (A)of all square-integrable (¢,/), such that (T‘l[(—lIAIlZ)T[gagr]])s,is
also square-integrable.

(Here A denotes the variable in momentum space and||1]|? =

A2 + .-+ 22.). Then A is self-adjoint, and
(e () = (@), KE = exp |4 (212)

is the solution of the Eq.(210) for (V,/), = 0. The operatorV, of multiplication by the
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function V., on the domain D(V,) of alle, in L,(R™)suchthatV,¢,sis also inL,(R™), is

self-adjoint, and
(usl(t))s, = (Mﬁsl(pgl)s, ,M‘gs, = exp[—itVsr] (213)

1s the solution of the Eq.(210) with e = 0. Kato has found conditions under which the

operatorR, . is self-adjoint [29]
(Reertter) = 5 (Bug)y =iV, (214)

Ander these conditions if we let
Ug‘ve, = exp[tRS,gr]. (215)

Then a theorem of Trotter [29] asserts that for all ¢, in L,(R™)

(U‘g,V‘g/(ps’)s, = <limN—>oo ) (216)
&

This is discussed in detail in [29] (See [29] Appendix B). Using now Eq.(211)-Eq. (215)

by simple calculation one obtain [29]

£t N omite\ —anN
(KTNM’VL> et | =(5F) 7 x (217)

N

8’

X <f ...fd"xo e dMxy_1expliSy (xg, ... Xy t)]) :
S’
N [LM

HereS,/(xg, ... xp; t) = X2y e N Vsr(xi)]ﬁ, where we setxy = x.
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Theorem 10.(Suzuki-Trotter Formula)[31]-[33]. Let{Aj}i,:l

be an family of any bounded operator in an Banach algebra €

with a norm||°||s. Let CDn({Aj})be a function

2,({4) = (exp (2) . exp () 218)

For any bounded operators{Aj}?zlin a Banach algebra C:

Mol 20 ({4))) —exp(Zjo 4l =0 219

Remark2.Note that one can to transform Colombeau- Fokker- Planck equation
(203)-(204)into mathematically rigorous path integral by standard method using
Suzuki -Trotter's Product formula(219) (see, e.g., Ref.[33]). However path integral
representation of the solutions of the Colombeau-Fokker- Planck equation (203)-(204),
given by canonical Eq.(205)-Eq.(209), does not valid under canonical assumptions
which is discussed above in Remark]1.

Remark3.Note that formal Colombeau pseudo-differential operator [30]-[35], given by
formula (see also [36]-[39])

1
2 ~
i= ~ d
(P, = exp| Bzt f, byer (“)dfa—xi , (220)

evidently does not define any contraction Colombeau semi- group on L, (R").Evenin the

case when a functions (bi‘gr(x, t)) i =1,..,nis the Colombeau constants(bi‘gr)g, €
&

R,i = 1, ...,n formal Colombeau pseudo-differential operator (see[30]-[35]), given by

formula
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g,

i 9
(PL), = (exp =1 a—)) , (221)

does not define any contraction Colombeau semi- group on L, (R"). Nevertheless formal
Colombeau pseudo- differential operator (221) define an contraction Colombeau
semi-group: (1) on a test space H*(Sg),R = (R; ... R,), with a members ¢(x), x € R"such
that F[](§)is supported inside region S = {§||¢;| < R;;i =1, ...,n}[40] and (2) on a
corresponding dual space H™°(Sg). Pseudo-differential calculus on a test space
H*(Sg) and on dual space H™*(S)is discussed in detail in [40].
Theoreml1. [40]. Let

D = (Dy,..,Dy),D; = % 2 9, (222)

4

and

M
AD) = Z a,D%,a, € C,M < oo,
|a|=0

Then (1) AD)p(x) € H*(Sg) 1if @(x) € H*(Sg),
(3) AD)Y(x) € H™*(Sg) if "Y(x) € H™®(Sg),
(4) Operator A(D) is bounded on H*(Sg),
(5) Operator A(D) is bounded on H™*(Sg).
Remark4.(I) From Theorem 10-11 one obtain, that: (1)operatory =" b; . dq;, € €(0,1]
1s bounded on H*(Sg),
(2)The generalized function(ugr (q", t”))s, given by formula

(uer(q@”,t"), (Ps q.t'lq", t”)) (Pﬁl"_t’<p(q”—q’)>
= (exp(t" izt by 007 )9 (a" — ) , = (223)
= (T‘1 exp (—[t” —t’]zl_znbi,sf (ifi)) Flo(q" - q’)](f)]) =
i=1 ’

(77 dngexn (i6a”,€) = (¢ = ) Tk by (60) Flo(a” — a)1(®) is the solution of

~aon

the Colombeau-Fokker-Planck equation (203))-(204)with initial condition ¢(q" — q') €
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H*(Sg), for the case:e = 0 and (bi’gf(q”, t)) = (bl-,gr)g,i =1,..,n,

8’
(bi’gr)g, € R,i =1, ..., nis the Colombeauconstants, and
3) Vt":uy(q",t") € H*(SR).
(IT) From Theorem 10-11 one obtain, that:
(1) Operator Ais bounded on H*(SR),

(2) The Colombeau generalized function(usr (q", t”))s, given by formula
(uer@",6"),=(KE" 0o (q” ~ 4)) , (224)
K&~ = exp S (" = ¢4 (225)
(ue (@.tM),, =
= (77 [exp (-5 & = )11 Flow (@ - Q)]) , (226)

1s the solution of the Colombeau-Fokker-Planck equation (203))-(204)with initial
condition @ (q" —q') € H*(Sg),for the case:(bi,gr(q”, t)) ,=0,i=1,..,n,and
&

3) vt":uu (q",t") € H*(Sg).
(IIT) From Theorem 10-11 one obtain, that: operator

Ree = yi=n b; %{, + €A, € € (0,1],is bounded on H*(Sg),

If we let now
U;’;’—tl = exp[(t" — YR, ], (227

Then a Theorem10-11asserts that for all ¢, in H*(Sg)
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1t g\ N
(vee <p£), <1imN_)oo (Kg " ) (pgr(q”—q')]> .(228)
&

Where the limit is calculated by norm in H*(Sg).

From Eq.(224)-Eq.(228) by simple calculation one obtain

gt g\ N
(KE NP, ) ve(q" —q') = (229)

1 0 o0 . "_t! e
= n f_oo dq f_oo dé exp {l Z%:O [(qm+1 - Qm)gm + %Z::rll bi,s’ Ei,m] -

(2m) 2

12} @ (@0 — 4.

Heredq = dqq ...dqy, ...dqy, d& = d&, ...d&,, ...dEy.qy = q",
dqm=l_[;l=1 dq],m ) dfm=H]r'l=1 dg],m ,ym = 0' ey N.

Integrating on variable § gives

gt o\ N
(Kg N Per N ) (ps’(q” _ ql) — Istl (q’;tllq”;t”) —

2

q q;,
f dqexpy 5oy Z OZ (lm:'l' 7 lm)_bi,s’ ¢(qo
m=

(2n)= J-

Finally we obtain
(U;,s’_t (pfl)gl = limy_, (IN,S’ (q,' tllq”' t”))s, (230)

Remark5.Note thatd,/(x) € H*(Sz),R =1/¢',x € R, ¢’ € (0,1], where

§or(x) = —sin (l) (231)

- q').
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By simple calculation one obtain

i,x € (—r,7)
Flog (0] = (232)
0,x ¢ (—r,7)

r=1/¢'[30].

Assumption 3.We assume now that
(b (@ —a)), =i(8e(ai’ —aD),. (233)

Remark 6.Note that
(pr(@0 - a)) , = 6(a0 — ). (234)

Definition14. We let now n = 1. A tagged partition of the real lineR = (—0, +) is a
finite sequence—oo = x; < x; < x, < -<xp_;<xp = +o0. This partitions the open
interval(—oo, +) into n sub-intervals], = [x,_1, x,.],r=1,...,p,Jo = (—0,x; ], Jp =

[xp_1, +o0)indexed by r=1,...,p. Let b,/(q",t,r) be a quantity
bs’ (t, T) = Supq”E]Tbs’ (q"’ t) (235)
and let dq;'b./(t,r)be a quantity

abgl(q”,t)

5o (236)

0q"b,(t,7) = supgre,,
Letb ¢ (q", t)be a function

be(q",t) =¥E_11; (q")by (L, 7). (237)
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Let absl (q", t)be a function
0by(q", ) = XF 01, (q")db. (¢, 7). (238)
Here 1, (¢") is indicator function of a subset: J,. = [x,_q, x,].

Definition15. Let H*(Sg; Sy),R = (R, .. R,), U = (U; ... Uy,) be

a test space with a members ¢(x,p), x € RE,p € Ry such that VX, X € Sy, Sy €Sy =
{x||x;| < U; < ;i =1, ..., n}function

@ (X, p)issupported inside region

Se = {pllpil <R;i=1,..,n}ieVX,X € Sy:F o (X, p)(X x) € H*(Sp).

Definition 16.(1)We let F*[(x)](p) = @(x, p) iff there exist an function ¢(x,p) €
H*(Sg; Sy)such that

F e, p)l(x, x) = P(x). (239)

(2)We let now H®(Sg; §U’p) ifn = 1 andSy = Sy\{x,, ...,xp}.

Remark6.(I)From Theorem 11-12 one obtain, that: operator (1) b.(q",t)dq =
Yt 1, (q")b(t,1) dg, € € (0, 1]is bounded

onH°°(SR;Sv'U).

(2)The Colombeau generalized function (usr,p (q", t”)) given by formula
&

(ug',p(q”, t”)) = (Pgtf,p_t Per(q" — q’)) =

(exp(—[t” _ t’]Bgl (qu' t)aq”)(pgl (qu _ q,))s, —
€ (u_(er) (@ ",t7"))]

_(en') given by formula

(eXp (—[t” —t'] erzllh(q”)bg'(t, r) aq”) P (q" — q’)> =

8’
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(M-y exp(=1t" = £'11,(q")be (709" 9(a" — 4)) , (240)

1s the solution(except points{xo, . xp})of the Colombeau-Fokker-Planck equation

(203)-(204) with initial condition ¢, (q"" —q') € H°°(SR; .SV'U,p), for the case:
(ber(q", 1)), = ber(q",8) = XF=1 1;,(q")byr (8, 7). (241)
(3) We note that:
exp(=[t" —t'11,(q")be (t,1)09" ) (" — q') =
P exp (~ 16" = £10,(0"be (610D FHlpa” — 401|242
@V 1 (@ 7)€ H®(Spi Syp).

(IT) From Theorem 11-12 one obtain, that:
(1) Operator A is bounded on H°°(SR; .SV'U,p),

(2) The Colombeau generalized function(ugr,p (q", t”)) ,given by formula
&

(@) =(K" puta” = a) , (243)
Kt = exp E (t" — t')A](244)

(us’,p (q, t”))g, =

= (F 7t exp (=5 (" = OIEI2) F'lpe (" ~ 1)), (245)
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1s the solution of the Colombeau-Fokker-Planck equation (203))-(204)with initial
condition ¢ (q" — q') € H*(Sg; fu,p),for the case:(b,/(q", t))g, = 0,and
(3) vt":ug,(q",t") € HOO(SRiSV'U,p)-

(IIT)) From Theorem 11-12 one obtain, that: operator

= " d ! : [e%) <
Ree'p = 2ys 1;.(q"bor (t,7) 3 T el &’ €(0,1], is bounded on H*(Sg; Sy ),

If we let now
Ut' ,Tt’ — exp[(t” — t’)RS,SI,p]’ (24:6)

then Theorem 10-11lasserts that for all ¢,/in H°°(SR; S’U,p)

el ¢! s
Ue,s',p Pe’ & limy e

et g\ N
N N " !
(Ks,p PS',p ) Pe! (q —-q )]) . (247)
£I
Where the limit is calculated by norm in H °°(S Ri Su,p)-

From Eq.(244)-Eq.(247) by simple calculation one obtain

gt g\ N
(Ke,pN Fop ) P (q" —q) = (248)

&

= [, dq [% dE exp{i Ty [(@msr — Gmdém + S TI0 ; (@udber (6,7)Em] —

@em)yz

t'"—t'e

N 2 %=Ofrzn}¢(q0_q,)-

Heredq = dqq ...dqmy, -.dqy_1,dE = d&; ...déy, ... dénqn = q',
m=20,..,N.
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Integrating on variable § gives

ot o\ N
<Kg,pN P2 ) (" —q') = Iy ,(q',t'q", t") =

2
1 e 1t'-¢’ m+1—q9m =
—w ) dqexp{ Zm=o [% — =211, (@n)by (&, r)l }(ps' (q0 —

Nn 26 N
(2m) 2 N

q) (249)

From Eq.(249) we obtain

(ugr,p(q”,t”))gl = (limN_)ooIN‘Er,p(q’,t’|q”,t”))£,. (250)
Here the limit is calculated by norm inH °°(S Ri Su,p)-
Letd,bethe quantityd, = max;<;<p {6;|r = 1, ..., p},6; = |x,_1, x| We assume that:
(1)6, » 0 if p > 0,(2) xg » o if p > 00,(3)x, > o if p - 0.

Finally we obtain

(ue(q",t"), = (limp_,oousr’p(q”,t”))sl -

= (im0 pu@” =) | (@51)
&

Here the limit is calculated by norm||:||;22(g ,)of the weighted Sobolev
space W22(R, w)[41].

Theorem 13.Assume thatg(q"" — q") € H®(Sg) NW*2(R, ),

e €(0,1],w = w(q"").Then:

309

(1) ve' € (0, 1]there exist po such thatvp,Vp,[(p1 = po) A (P2 = po)] the inequality

”usl,pl(q’; tllq”' t" ) — Ugrp,p, (ql; tllq”; t”) ”WZ'Z(R,w)
< ((t" = t)/())C1exp[C2(t" — )]ll@e lw22(r w)
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holds for each t" € [t', ).

(2) The Colombeau generalized function(usr (q", t”))s, given by formula(251)

1s the solution of the Colombeau-Fokker-Planck equation (203))-(204)(except a

set Lebesgue measure zero) with initial condition(gosr (q" — q’))g, such that

ve' €(0,1]: o (q" —q') € H*(SR).

Let us consider now n-dimensional case. We shall be working with rectangular
parallelograms inR",those parallelograms whose edges are mutually orthogonal.
Actually, we shall be even more restrictive, and consider only those whose edges are in
the directions of the coordinate axes.

Definition.17.We call them special rectangles. Each of these may be expressed as a

Cartesian product of intervals in R.:
I=1[a;,b]x..%X[a,b,]={q"|q" € R",aq; <q; <b;i =1,..,n}

and we letl, = R™\ L.

Definition18.We define a partition of I to be a collection of non-overlapping special
rectangles I,1,,...,1I,,..,Ipwhose

union is I. “Non-overlapping” requires that the interiors of

these rectangles are mutually disjoint.

Definition.19.Let b;(,t,7),i = 1,...,nbe a quantities
bi,s’ (t,r) = Supq”el,.bi,s’ (q",t) (252)
and let(')qu,-,sr(t, r),i=1,..,nj=1,..,nbe a quantities

6bi’£, (q",t)

. (253)

aiji,.t:' (t, T) = Supq”elr
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Definition20.Let lv)i,sr (q",t,r),i =1,...,nbe a functions

bio(q',t) =¥F 11, (q")b o (t,7). (254)

Let aCIjBi,s' (9", t)be a function

0q,b;1(q",8) = Xr_01;.(q")0q;b; o+ (t, 7).  (255)
Here 1; (q")is indicator function of a subsetl, c I.
Definition21.We let now Hy?(Sg; §U_p) ifSy = Sy\{al,, ..., alp}.

Remark 7.(I)From Theorem 11-12 one obtain, that:
(1)Operatorb, (q",t)dq" = ¥, Ei,sr (q',0)dq] =YL > % 1, (q'")b;(t,7)0q € €
(0, 1]is bounded onH,? (S; SV'U’p).

(2)The Colombeau generalized function (usr,p (q", t”))  given by formula
&

(us',p(q”' t”))g, = (P(:',p—t P! (q” - q’)) , =
€

(exp(~It" ~ t'1ber(@", 009 V0 (@" = ) , =
C (ue™) @)

_(e™') given by formula

(exp <_[t" —t'] lez:j:lllr(q,’)bi'g’(t’ ) 6q{’) 0. (q" — q')>

sl

(T, T2, exp(—[t" = /11, (q")b o (t,7)34]") @ (" -
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7)), (256)

&

is the solution(except pointsq’’ € Ule dl,.) of the Colombeau-Fokker-Planck equation
(203)-(204) with initial condition(q)sr (q" — q’))s,such that

ve' €(0,1]: 0 (q" —q') € H,"f(SR;gu,p),for the case:e = 0 and

(bi,E’ (q”' t)) = Bs' (q”l t) = 11-”)=1 1Ir(q”)bi,g'(tl T'), (257)

8’

i=1,..,n
(3) We note that:

exp(—[t" — t']1;,(q")b; o (t,7)0q]" ). (q" — q') =
F exp (<[ = €111, @b (61 (5D) FHpo@” — a)]|(258)
(DVt":uy ,(q",t") € Hy(Sgi Sup)-
(IT)From Theorem 11-12 one obtain, that:

(1) Operator A is bounded on H;’ (SR; S’U,p),

(2) The Colombeau generalized function(usr,p (q", t”)) ,given by formula
&

(“e',p(q”' t”)) =(K§.Z‘t'<psf (q" - q’))g,, (259)

E’
&

Ki -t =exp E (t" - t’)A] (260)

(uepa i), =
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= (#7 [exp (=5 & = EI17) FH oo (g — OI®)]) , (@6D)

1s the solution of the Colombeau-Fokker-Planck equation (203))-(204)with initial
condition (¢u(q" — q’))s,such that

ve' €(0,1]: o (q" —q') € Hﬁ(SR;gU,p), for the case: (bi,gr(q”,t)) ,=0,i=1,..,nand
&

(3) vt":uy,(q",t") € H,‘f(SR;SU,p).
(IIT)) From Theorem 11-12 one obtain, that: operator

Ree'p = 2ieq Lyei Dier » ,,+£A ¢ € (0,1], is bounded on Hy? (Sg; Sy p)-

If we let now
Ut' ,Tt _ eXp[(t” _ t,):Rg,s',p]' (262)

then Theorem 10-11lasserts that for all ¢, in Hy’ (SR; S’U,p)

(U;s—pt (ps )s' = (HmN—mo

(Ks,pN Ps’,g ) (ps’(q”_q,)]) . (263)
S,

Where the limit is calculated by norm in Hy(Sg; .S:U,p).

From Eq.(256)-Eq.(263) by simple calculation one obtain

N

t,'” t, t” t’
(K&PN Ps',g ) Pe Q" -q)= (264)
= [ dq [, dg exp{i Xo [ (@mer — GmdEm + Xy Tyt 4y, (qu)byer (67)Eim | -

(2m) 2
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t""-t' e

N 52%:0 f?n} 0 (qo — q').

Heredq = dqq ...dqy, ...dqyn_1,dE = d&, ...d&,, ...dEnqy = q,
dqm=l_[1i1=1 dqi,m ) dfm=H?=1 d’a;i,m ,m=0,..,N.

Integrating on variable § gives

N

P
<Kg,p” P2 > P (q" —q') = Iy (g, t'|q",t") =

&

2
1 & 1t im+1~4im =
— 7z J_,, dqexp {2—8 il Yoy L S e S PRI N (2 r)l }w (q0 -

@)z N

q) (265)

From Eq.(265) we obtain

(us,,p (qll’ t”)) — limN—moIN,s',p (q/’ tllq”; t”).

8,
Here the limit is calculated by norm in Hy (Sg; .§U,p).

Lets, = max;<,<p {6,|7 = 1, ..., p},6, = diam([,.), where

diam(l,.) = supyyey, |lx — y|[[We assume that: (1)6, - 0 if p - 00,(2) a; & —o0,i = 1,...

if p—> o0,3)b; > »,i=1,..,n if p - oo

Finally we obtain

(ue(q",t"),, = (limp_,oougr,p(q”, t”))SI —

II

= (limp_)ooU;’g,Tpt 0 (q" — q’)) (266)

£I
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Here the limit is calculated by norm ||*||yy22(gn ) of the weighted Sobolev space

(R™, w)[41].

Theorem14. Assume that ¢ (q" — q') € HY (Sp)NW2%(R™, w),

e €(0,1],w = w(q"). Then:

(1) ve' € (0, 1]there exist po such thatVp,Vp,[(p1 = po) A (p2 = po)]the inequality
(ve) ~'€(0, } 1]{ there
exist po such that Vp1Vp2[(p:>po) /\ (pP2>po)] the inequality

(ve) ~'€(0, | 11 there

exist po such that Vp;Vp,[(p1>po) /\ (p2>po)] the inequality

iter (@' €19, ") = Uerprpa (€ €10 E D w22 n
< ((t" = )/ () C1exp[Ca(t” — ]| @erlwzan o)
holds for each t" € [t/, o).

(2) The Colombeau generalized function(usr (q", t”))s,

given by formula (266) is the solution of the Colombeau-Fokker-Planck equation

(203))-(204) (except a set Lebesgue measure zero) with initial condition

(per(q" — q'))s,such that

ve' €(0,1]: 0. (q" — q') € Hy(Sg).

Remark 8.The continuous-space-time conditional probability when p — oin (266) is

symbolically indicated by the path-integral expression [22-23]:
& /AN AP I _
(pgf(q tlqTt ))8, =

_ q"(Ef;;):,"”[Dq(t)] exp [(—isgr q,q,t; ”U' (267)

Here



316 Communications in Applied Sciences
S.(q,qtc¢) = ftt,” L.(q,q,t;&)dt (268)
1s the continuous-time limit of the discrete action(207)with
Le(q,q.t;€) =
g(t) — by (q(t), t; )I* — e Xty by (q(0), t5 ) (269)

bie (D), t;8) = PEDE2 g 7€ (0,1],  (270)

as the Lagrangian. From Eq.(267) one obtain
' 2 o
(E |72 ()] >s' = f_ _dq" "I (p2(a.t'1q", t”))g,] =

- ( limy oo limug oy eer (g 8, t")) (271)

g
Here

TN,E,g’,p (q,1 t’r t”) = f_oooo dq” “q” ”21N,s,£’,p (q,r t’|q", t”) (272)

Remark9. 1.Note that for any fixed N in the limit & — 0 only one unique minimizing
path {q,, g4, ---, Gn—1, Gn} significantly contribute to the multiple integral

\iN,s,sl,p (q',t'|q",t")given by expression (272).The extremality conditions for this
minimizing path is
Vq(ty) = b (q(ty—1), tm),m=12,..,N. (273)

With a boundary condition

qit) =qo =19 (274)
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Here Vis a conjugate of the difference operator V defined by

formulae [45]:

vq(t,,) = LoZdln) > m > o, (275)
Vq(ty) =L 0n1 Ny 1> m > 1, (276)

2. However we note that as that was shown in [7] the canonical Laplace approximation
[27] 1s not a valid asymptotic approxi- mation in the limit € - 0 for a path-integral

(271), see also [42].

From Eq.(267)-Eq.(268) one obtain

(el @), = [ aa i [(psca.e1an.en) ]
= [, dq" lg"1? [0 7 Da@lexo[(= 55 Lo (@a te)de) |=
Jaer=g PAONaE I exp| (=52 [ Lo(@ q.tio)dr) | @7
Let us consider now the quantity

(pe(a'.t'1q" "5 L, m'))£, = (limacolsy o0 (@', 11", t”))s,. (278)

Here

m Ngs’(q 't Iq” t”) =

L L s} oo
= NN[ dqq f d‘Im’f dq,, 1 f dqy-1 X
-L -L —o0 —co
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exp |~ 52 (Se (0. 91, s Gnts G sr, - Av-1.4w)) || 279)

andm’' <« N,L > 1.

The quantity defined by Eq.(278)-Eq. (279) is symbolically indicated by the

path-integral expression

(pe(a.t'lq" e Lm)) | =

&

_ ra(t")=q" Lo _lo toat
= Jyenq' [Dq(t; L,m")] exp [( 2358'(q’q’t’8)>£,]' (280)

Using Eq.(278)-Eq.(280) we define the quantity

(EL,m' [x't’,’;i, (w)]2>

g B
=1, da" 9" |(po(a’ t'1a" s L,m") | (@281)
&
= limAt_mTN's’s/ (q',t', t";L,m").
Here
TN,S,SI (ql: t,y t”; LF m,) =

I= dq" g 1Py (g, t'1q", t"; Lm"). (282)

The quantity (281) is symbolically indicated by the path-integral expression
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(EL'm, [xg,’;i, (w)]z)sr

) q(t”)=q” 1 t”
= f dq" llq"|I? f [Dq(t; L, m")] X exp K_Z f Lsf(q,q,t)dt) l:
— 00 q tl g’

t")=q'

/ " 1 ot" .
=fy@=qPAG LI exp |(— 5 fp L@, 0dt) |- (283)
From Eq.(205) and Eq.(279) we obtain
Iy o (q,t'|q" t") = Iy o o (@ 8 1q" ) + 05, (g, 8 ]q", E). (284)

Here

Ofn',N,s,,s' (q,’ t’lq”! t”) =

[ee]

NNf dq, f de’f dqp, 41 f dqy-1 X
R™M\ @, R™M\ @, —00 —00

exp | =32 (e (@0, @1, s Gonts G 10 1 -1, A 1)) | (285)
Here

w;=[—L,L]". (286)
From Eq.(282) and Eq.(284) we obtain
Ty, (@6, 0") = T o (@6, 6 + 85y (g8, 07, (287)
Here

O nee @ 0) = Ny fon g, A1 fom g, At [y Wy 1 [ dan-1 [, day X
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”qN”ZeXp [_ 2_18 (Ssl (qOJ 91, -, qm’; qm’+1 o qn-1, 9N, t, 8))811(288)

Remark. We note that: V&', &' # 0 there exist parameter
L = L(&') such thatvq,,(l|q,,|| = L)the inequality
2
”bg’(qm' tm)” < ”CIm”_q’q =2 (289)

1s satisfied.

Lemmal.

0! .o (@ t,t") < 0(exp(-L)). (290)

Proof. Using inequality (289),we willing to choose parameter L such that the equality
N

Ser (o Qs o Goms s A1, G £ €) = At Emzl ||‘Im—A—l‘r1m—1”2 s

+0((t" =)L) = =N 1[I qm — GmalI? (291)

1s satisfied. From Eq.(288) and Eq.(291) we obtain

Oy (@t t") =

m',N,g,e

= Ny dq, j dCIm’j dqp 41 - f qu—lf dqy
R™\w), RM\w — —o —o

1
X |lqylI*exp [—Z(Ss'(qo, Qi Qo Q' +1 -+ AN-1, AN s))s,] =

X

= NN[ dq, f de’f Adqm'+1 f qu—lf dqy
RM\@, RM\@y, —oo —0o —00

x ligulIZexp [- == 381l Gm — qm-1l?] (292)
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From Eq.(292) we obtain the inequality

0, e (@ tt") <
Ny[7 dqy .| dqm [T JZ dqusy - (293)

oo [o') 1
f_oo dqyn-1 f_w dqy X ||¢11v||2 exp [_EZ%=1“qm - ‘Im—1||2]-

Let G,

m’/ N,e,e

(q',t',t"")be the multiple integral:

@fn N, 8,(q" t’, t”) —— NN.f d‘h f dqm’—lf

RN\

o Ay [7, dqy llquliPexp |- == S i llqm — Gmoall?]=

2eAt

1 m'
Ny [ i | dawew|n Y an - anal?|

Xf dCIm’f dqp 41 j qu—lf dqy X
R™M\ @, —o0 —00 —o00

x llgnliexp [ =58 v illqm — Gmoall?]. (299)

By simple canonical observation (see [44] chapt.3) we obtain

[“aa [ dapsexp| o> N aueal?] =
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@rede)" ™ D 2exp ol — o2 (295)
Substitution Eq.(295) into Eq.(294)gives

an’,N,S,,E’ (q’, t,, t”) =

- 1
= N I j d 1ex [— I— ” I—
Nm R\, dm p ZS(m _ 1)At dm

~ ol [ dawiie | dans | dayllani x

1
X exp [_ 2eAL 11\1,1=m’+1”qm - qm—lllz]- (296)
Here
Ny = @reat)" (' -D/2N . (297)

From Eq.(296) we obtain
(gL l(ql,tl,t”) —

m' N,e,e

n(N-m'-1)

~ 1 0
Ny Qredt) 2 oy Al X €xp |3 4 = qoll?] 122, daw llawli?

SR SRS
€xp [28(N—m’+1)At”qN dm ” ]

N N-m'+1)/2 2 1
NN'ml(ZTl'SAt)n( m'+1)/ X RP\w; dqm’ ”qm’” exp [m ”qm' —

90ll2]. (298)

Assumption. We assume now thatq, € R™"\@;.

From Eq.(298) using Laplace approximation [43] we obtain
Crvvee (@t t") < 0(exp(=L)). (299)

Theorem 15.(Holder’s inequality)Let r, = p,r, = q € [1, 0], with
1/p+1/q =1,andlet’Y, ¢, : (Cl([t’, t”]))n - R,i = 1,2,3 be an functional such
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thatY = Y(q,q.t't"), € = €;(q,q,t', t")i = 1,23,C; = €,6,,Y(§, q.t',t") >
0.Let||€;(q',t',t"; L,m)IIY, i = 1,2,3 be the path integral

I€:(q’, t",t"; L, m)|Y =

0 q(t'")=q" | 1/r,
B <f dq”f [Dq(t; L, m)]Y(q 9.t t )€ |G q.t', t”)|”> < o,
% q(t)=q'

Then

”63 (q,1 t,r t”; LI m’)lllly S
< I€.(q’, ', t"; L m)IFI€(q" ¢, ¢"; L, m")lg.  (300)

From Theorem 5 we obtain.

Corollaryl.Assume that: (1) %+ i =1,

@1, = L@, t',t"; Lm’) = [7 dq" llg" |12 [% =" [Dq(t; L m)] exp [~ [} [q(0)12de] x

exp [p fy 6@, t)dt] < oo, (301)
Ioprr ’ © " "2 q(t")=q" ' t' . 2
Gy =1, t";Lm") = [ dq"q"I1* [ )2, [Pg(t;L,m")]exp [— Jp la@®] dt] X

exp [q [y Gy(a.q, t)dt] < o, (302)

Then inequality

X

. q(t")=q” t!
j dq" llq" I f [Dq(t; L,m")] exp [— j [q(©)]*dt
—0o0 q t

(tl)qu !

exp [ G1(@.q,0de] exp[[} 62049, 00de] < [1,]7 x [1,]1(303)
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1s satisfied.

Theorem 16.(1)Let b(x,t) = (b1 (x,t),...,b,(x, t)) an be an vector function,

whereb;(x,t),i = 1, ...,nis a polynomial on variable x.Let b(x,t)be the linear part of

thevector function b(x, t) i.e,,
,Bi(xl t) = Za,|a|51 bla (t)xa,l = 1, e, N

Let!f(q, q,t)be the Lagrangian

£@4,q,0) = ||g@® —Bg®,0)|” — e X7y bii(q(®), D).

Here

7 ab;(q(t),t)
b;;(q(t),t) = aq—qi'

and let £,(q, q,t)be

Ls(q,q,) =1g() —b(qy (), DII* — e Xy bi (g (£),0).

Here q./(t) = (qu1(), ., €7 4(t), .., @ (1)) and

qi(t)

II l
1E[aF @+ a?©at]

qS’,i (t) =

[=3.

(304)

(305)

(306)

(307)

(308)

(2) Let x7%¢,(w) be the solution of the Colombeau-Ito’s SDE (200)-(201).

t" e

Then there exist Colombeau constant C' = [(Cs'/)s,] > 0, such
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that the inequalities:

((tim inf, o |55 (@) | ]) < (), (1), (309)
(2)[(11m1nf£_,0E[| xﬁs,(a))” ]) ]< C’ (18) ,],
where

(12), = I, da" Ia"1? [ = Da@) exp| (-2 1 £u(a . 00dt) | 310)

and
(3) lim infeoE [x",(;s ,(a))] < C'luE)|? (311)

1s satisfies. Here a vector function U(t) = (U;(t),...,U,(t)) is the solution of the

differential master equation
U(®)=J.U®) +b®),U0) =x, =1 (312)
Here b(t) = b(0,t)and],; = J(t)is Jacobiani.e.,J,isn X n-matrix:

J(©)=[0b;(x, t) /axj]xzo. (313)

Proof. For short, we will be considered proof only for the
case of the 1-dimensionalColombeau-Ito’sSDE,withoutloss of generality.

Let us consider Feynman’s path integral(283) corresponding to 1-dimensional

Colombeau-Ito’s SDE i.e.,
(re@m) , = (B 5 @)]) = f “dg” llg"I? x

fq"((tf) ) q" [Dq(t; L, m")] exp [(—if:,” L:(4,q, t)dt)s']' (314)
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Let us rewrite now Lagrangian L,/(q, g, t)in the next equivalent form

‘Cg’(Cir CI; t) = L,g’(C.II CI' t) - 25b1,1(q5’ (t)r t)r (315)

Here
Lls'(q' q, t) = [CI(t) - b(qgl(t)’ t)]2 =
= [4(®) = B(qe (), ) — by (ger (®), O], (316)
b(x,t) = b°(t) + xb1(t) (317)
and
by(x,t) = Xaz<jalsr b* (0)x%. (318)

Let us rewrite now Eq.(318) in the next form

by(x,t) = by, (x,t) + by3(x, ). (319)
Here
by, (x,8) = Lo b® (0)x%, |a| = 2, (320)
by3(x,t) = 2o b® (O)x%, |a| = 3. (321)

From Eq.(316)-Eq.(318) we obtain

L@ =[[40® b (@u©,0] - b(gu(©,0)] =

[4(0) = B(qw (), O] = 2b,(q. (1), D[4(6) — Bg(e), )] +
+b3(qer (D), t) = [4(©O)]? — 2¢()b(qy (1), t) + b* (g (£), 1) —
—24(0)by (g (D), 1) + 2b,(qe (1), )b (q(1), 0). (322)
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Substitution Eq.(320) and Eq.(321), into Eq.(322) gives

L'(q,q,t) = [4(®]* = 2¢(©)b° () — 2¢(D)q. ()b (t) +
+[° O] + 24 (©° (Ob (©) + [g0 (OB O] -
—24(©)by(q. (1), 1) + 2by(q (), )b (q(©), 1) =
= [g(®)]* = 2¢(®)b° (t) — 24 (t)q. ()b (t) +
[6° O] + 240 ©° (Ob(®) + [q0 (OB (O] -
~24(0)b; (g (8),£) + 2by(qr (£), )b (£) +

+2q. ()b, (g (), )b (8) =

= [g()]* = 2¢(©)b° (t) — 24 (t)q. (O)b* (t) +
+[b° O + 24 (OB° (OB + [40 @b ©] -
—2q()b22(qe (t), ) — 2q(£)by3(q (8), 1) +
+2b35(q.(£), £)b° (t) + 2by 3(qr (1), )B° (£) +
+2q, ()b, (g (), )b (©). (323)

Substitution Eq. (323) into Eq. (314) gives

& o ogrr, ’ — _l ¢ 0 2 °° " 2 q(t”)=q” . l
5@, et Lm))  ==exp|—o—| [b°@]dt|| dq"llq"I [Dq(t; L,m")] %
t’ —o0 q

& (t’):q’

X
exp |~ fi {[d®)7 = 24(0)° (©) = 24(Dq (O (1) + +2q. (OB° (b (©) +
[2.: (Db (©)]” = 24Dy 2(qur (1), £)— 24(D)by3(qr (), £) + 2by (g (), DBC (£) +

2b,3(q. (£, DB® (£) + 24,1 ()b, (g, (£), OB (©)} e . (324)

Using replacement q(t) = p(t)v2¢ into Feynman path integral
(324), we obtain
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(15 0,7 L)

S,

1" 2 ] P()=t L
= exp [_Z [b° (O] dtU dq"” IIq”Ilzj o [Dp (t;E,m’)]
t' — p(t’)=ﬁ

X exp [— ftf” {[p(t)]z _ %p(t)bo (t) = 2p()p, ()b (t) + +\/%p£r (OB ()b (t) +
[P (OB (O] = 2vZep(D)B,(per (6), ) +

+2b,(pr(£), )b (V2ep. (1), t)} dt| (325)

Here

By (0o (0,0 = 5.(vZ2)“ b D0 () 2 < lal <7 (326)

and

po(t) = P® =1 (327)

Le2(eel[p? O+f P Dat]

Let us rewrite now Feynman path integral (325)in the next equivalent form

(s Lm) =

t”

= exp I—if [p° (t)]zdt: j_c:dq” IIq”II2fp(t”)z,%[Dp(t;L,m’)]><

2¢ )1 p(e= V2e
exp [— L ,t”[zé(t)]zdtl {exp l— jt t :—\/%_Szﬁ(t)b" (&) = 2p(O)pe ()b ()
+ \/%Pg' (©b° ()b () +[p.r(£)b* (t)]z] dt]}
exp[f}) [2VZep (0B, (o (),6)
2b,(por(£), )b (V2ep(e), t)]dt| (328)

Assume that1/p+1/q =1and q = 1/¢. Then
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1

p=;=1+e+o(s). (329)

Using now Corollaryl, from Eq.(328) we obtain

(Ii,(q’,t’,t”;L, m’))sl <

1" 2 °° ()=l L
< exp [_Z [b° (0)] dtl lf dq" IIq”IIZf o Dp <t;E,m’>]
t' — P(t’)=ﬁ

X exp l— f [p(t)]zdtl X
t”
2 2
X{exp —(1+¢) f [—\Ezb(t)b"(t)—Mt)py(t)b1 (t)+Ep£f(t)b8(t)bé(t)

1-¢
+ [pgr (Db (t)]z] dt }] X

V2e

[ j dq” :t(t)_)q“_ Dp <t;\/L2_g,m’>] exp l— jt ,t”[p(t)]zdtl X

fexp [2 [} [2v2ep (OB, (por (), 1) -
25, (o (0,05 (VZe p(0), t)]ae]}] (330)

Therefore

(Ij,(q’,t’, t"; L, m’))sl < (([Ij,l(q’, t',t"; L, m’)]l_s)gl) X (([Ij,z(q’, t',t"; L, m’)]s)sl).(831)

Here

t”

1 0 2
m g’ [b (t)] dt| X

(Ij,l(q’, t't"; L, m’))g, = <eXp l—
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0 p( II) \/_’ L tll
x| aqmigi [ o (=) exp [— | [p(t)]Zdt]
—oo p(th=L V2e ¢

X

exp [—(1+
&) fy [~ =B () - 2p(Op. (DB (1) +—=pa (DB® (DB () +

[pe (b O] ] at]) (332)
And

(1?,2((q’,t’,t”;L,m')))g, =

_ f:odq" f p(t”_);,m [Dp (t;\/%,m’)] exp [— ft ’t”[p(t)]zdt X

fexp [2 [ [2v2ep (0B, (por (0, 1) -
~2b,(p (), )b (V2 p(t), t)]dt|}. (333)

I Let us evaluate now path integral

(Iz',l(q’,t’,t”;L,m’)) - From Eq.(332)using replacement p(t) = % into
&

Feynman path integral in the RHS of the Eq. (332), we obtain
q(tll)=qll

t”
(’ﬁ',l(q’,t’,t”;L.m’)) == eXp[——f [b° (©)] dt” dq" IIq”Ilzf [Dq(t; L, m")]
q

tH=q’
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1 t”
exp [_th {[q(t)]z —2q(O)b° (1) — 24()qy ()b (8) + 29 (Ob° (Db (L)

+ [q (Db (t)]z} dtl -

© q(t”):q”
= [Caq g [ e Lm x
—® q(t)=q’

x exp [~ = [y {[4(6) = bo(q(£), OF + 0(e'/e)}de]. (334)

We estimate now path integral in the RHS of the Eq. (334), using canonical
perturbation expansion of anharmonic systems (see [45] chapter3, subsection15).

Denoting the global minimum of the action

$ =[5 14(®) = bo(q(®), O)]2dt (335)

by §(t), it follows that it satisfies the extremality conditions for the minimizing

pathq(t) is
G(6) = bo(G(0), 1) = 0,4(t) = q'. (336)
In the limit € - 0,&' - 0,%’ - 0 from Eq. (334) we obtain

lim e I5" = [§(0)]2. (338)
g'-0

g’

.0
£

E,

Or in the following equivalent form: for any ¢ = 0,&’ = 0,; ~0
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g1 ~ | 2 8_’
(sh, ~ 1@ +0(5). (339)

(IT) Let us evaluate now path integral (I 2’,2 (L, m’)) - Let us rewrite Eq.(326)
&

in the following form
by(Per (£),8) = by o (s (£),£) + by3(por (), 1),  (340)
by2(per (1), 8) = b ()P (0), (341)
bas(per(£),) =
= 5.(v20) b O (pe ()3 < lal < 7. (342)

Substitution Eq.(340)-Eq.(342) into Eq.( 333) gives

exp |- M {[p(t)]2+ b* (Db° (Dp2 (®) + 22 Z b2 (PO ©+2 Z 5 (Ob° (O3 (1) +
0 (p(Op3 () +0 (pi®) +
o(Ve)}at|. (343)

We let now that
Sllpte[t’,t”]lb2 (t)bo (t)l = U. (344)

From Eq.(343) and Eq.(344) one obtain the inequality
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()=
(15w m) < f dq" fp’;’)_q [Dp( \/Lz_g,m’)]x

E

X

333

exp[- [ {1 —£p®) + 22 B3 (OpOP3 () + EZ B3 (OB OV () + 0 (B3 () +

0 (pii(0) +o(We)}at|) , = (FF*L.m)) (345)

Let us estimate now path integral(ii’,z (L, m’)) , in the RHS of the inequality. (345),
&

using canonical perturbation expansion of an- harmonic systems (see [44] chapter3,

subsection15). Denoting the critical path of the action

(950

I @1 =4p2@ + 0 (Vept () + 0 (Vep®p? () +

] dt (346)

by pe ¢ (£), it follows that it satisfies theEuler equation for the critical path p.../(t) is

w_zijcr,e’ (t) + Per.e’ (t) +0 (Sﬁﬁcr,s’ (t)) +

0 (s\/Epgrlg, (t)) +oe =0, (347)
w? = w?(¢e) =% (348)
I_q,_~l Il_q”_~ll
pt)=7==3q, pt") ===7q". (349)

Therefore [44]-[45]:
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q"'sinw(t-t")+q'sinw(t' -t)
sinw(t''-t")

Dere (8) = [ I 0(e'e?),y = 15. (350)

Let S, be

S, == I} IB©®2 — wPp?(®)]dt. (351)

Substitution Eq.(350) into Eq.(351) gives

-, w
SZ = - -
2sin(wT)

[(@"% + §")cos(wT) — 24'G"],T = t” — t'.(352)

Assumption. We assume now that:ctg(wT) > 0.

Remark. Let§! be a saddle point of the polynomialS,(§’,§""; T) on variable §" .Note
that a saddle point §.' of the polynomial S,
is:

~1

& = en (353)

cos(wT)’
Substitution Eq.(353) into Eq.(352) gives

’S,Z (51’; q;‘,; w, T)|t?§'=t7'/cos(wT) e ’Sé#(q’, w, T)Z

__ %0 el _G"*otg(wT)
== reinter) [cos(wT) — cos (a)T)]——2 : (354)

Assumption. We assume now that:cos(wT) = 1, sin(wT) = 0 such that the condition

g ?wtg(wT) = q'w?*tg(wT) /4u = 0, (355)
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1s satisfied, and so

exp[ S§(§; w, T)] = 0(1). (356)

Remark. We note that

[y P2 . (t:q,@)dt = 0(T/sin(wT)).  (357)

We are dealing now with the finite Fourier series [39]:

q» = q(tn) =
qo + Xm=1+/2/(N + 1) sin[vy, (t, — t)]1q(vy) (358)
Here

(359)

V. = — = € = .
m T (N+1)e’ (N+1)

Inserting now the expansion (358) into the time-sliced action (207), yields

(Ss' (90,91, > An-1, N> 5))81 =

N — —
_ n —qn-1 qn dn-1 _
= At E . (Lsf( T ,tn)>gl =

c ZN <qn({q(vm)}%=1) - qn—l({q(vm)}%=1) ,

n=1 €

0 ({q(vi)Im=1) = qn_1({q(vin)Im=1) > B
> twe) =
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4n{q(vim)Im=1) — dn-1({q(vi)}m=1)
€

+ bsl (qn({q(vm)}ynzl) _an—l({q(vm)}yn=1) o g)

S|

2)
8,

= (SE' (qOJ q(vl)' R ‘I(VN—1)» q(VN)! qdn+1, 8))81(360)

Before performing the integral (206), we must transform the measure of integration
from the local variablesq,, to the Fourier componentsq(v,,). Due to the orthogonality

relation [45], the transformation (358) has a unit determinant implying that

g:l d q» = %:1 dq(vm) = g:l dpm- (361)

Substitution Eq.(360) and Eq.(361) into Eq.(205)-Eq.(206), yields

(pﬁr (q'.t'|q", t”)) = limeoIn(q', t'|q",t").  (362)

S’

Here

In(q,t'lq" ") =
= f dqq j dqvy) .. f dqvm) .. j dqvy_1) X

(psf (qo — q’))s, X

x exp |~ - (Se (@0, 4, -, qOn-1), AVN), Q1. Em, ©)),,|(363)

v+ = q",dq(vp)=I1}-1dqj(vp) , m =0,..,N,e = (t" —t')/N + 1,t,, = mAt.
The quantity defined by Eq.(362)-Eq. (363) is symbolically indicated by the
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path-integral expression
(pir (q'.t'lq", t”)) =
S’

qu(gf) )q" [Dq({vin}m=1)]exp [(— i S.(q,q,t, t”g))sl] (364)

Let us consider now the quantity

& ! ! n ., ! — : P ! ! n n
(vi(q'.t'lq", t"; P,m ))8, = (limesolfy y oo (a1 t ))8,. (365)
Here

Ifn ngf(q,,tllq”,t”) — IN'g,g’(q’,tllq”;t”;P;m,) —
- P P o0 0
= Wy f dq(vy) .. f dq (v f g sy) - f dq(vy_y) X
-P -P —o0 — 0

| daty e[~ (5 @o.at). a0

AWV 41) o, QWNn-1), q(VN), G 41, 3))81(366)
andm’' K N,P > 1.

The quantity defined by Eq.(365)-Eq.(366) is symbolically indicated by the

path-integral expression

(pif (q'.t'|lq",t"; P, m’))SI -
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qu(g) )qq DQ({Vm}?;)lzﬁ P, m’)] exp [(— 2_1858’ (q, q, t, tllg))gl],(367)

Using Eq.(362)-Eq.(367) we define the quantity

q' e z
(b0, -
&
—(® " 2 & I op Iyl g T, ’
=/, dq" lq"I? |(pE:(q. t'lq",t";P.m") | |(368)
= lime_ oIy . (q', ', t"; P,m").
Here

Iy, (q t t";P,m') =

f_oooo dqu ”qn IlZIN,g,g’ (qr’ tllq”; t”; P, ml). (369)

The quantity (368) is symbolically indicated by the path-integral expression

(¢")="
(15e.m)),, = (Bee [t @) = [ da”ai? [ e

(th=q'
xexp|(-2[% £o(aq odt) ] 370)

Substitution Eq. (323) into Eq. (370) gives

[Dq({vy}m=1; P,m")] X

1 e .
(15q' e/, e P =exp[—— | [b"(t)]zdt] | a1
& 2¢€ ¢! — o

q(t')=q
f (DG} 5ms; Pom)] X
q

tH=q'
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exp [~ fi {[d®) = 24(0° (1) = 24(Dqu (OB (1) + +2q. (OB° (b (©) +
(42 ()b (O] = 24(£)by,2 (0 (1), )— 24 ()b 5(q,r (), £) + 255 (q (1), B (£) +

2b,3(q. (6, DB® (£) + 24,1 ()b, (g, (£), OB (©)} e . (371)

Using replacement q(t) = p(t)v2¢einto Feynman path integral
(371), we obtain

1 tll 0
(e epm)) | = exp [—Z IRG (t)]zdt] | a1
t! -0

[ (oo

xexp[— [ {IBOF = Zp@©B° (£) = 2B(O0pe (DB (1) + +—=par (DB® (DB (1) +

[pe (Db (O] — 2VZep(Db,(p. (D), £) +
+2b,(pr(£), )b (V2ep. (), t)} dt| (372)

Let us rewrite now Feynman path integral (372) in the next equivalent form

1 £ X .
(5.t e pmn) | = exp[—z— j [6° )] dt] f dq" llq" 1> x
£ 3 t! —o0

f:((t)) vP[D (vmdn=ii =, m')| x(373)

Wz e 2
exp l_f [ﬁ(t)]zdtl {exp l_f [_Ezﬁ(t)b(’ () — 2p(Op (D" (1)
t’ t!

2 2
+ N (OB° (Db () +[p (OB (D] ] dtl}

!

t”
exp [ | 12VZep©5, 00,0 - b (0,05 (VZ2p(@) t)]dtl

Assume that1/p+1/q =1and q = 1/¢. Then

339
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p=i=1+e+o(s). (374)

Using now Corollary1l, from Eq.(373) we obtain

n
(Ii/ (ql’ 't P,m')) < exp l— Zif [bO (t)]zdtl X
¢!

g £
” 2 p(t”)z% oo p , " L N2
I | aana [ oo (ol g )] xe l— f POt | x
t”
x e |-G+ [ [-=p@b © - 26Op OB © + =P ORWBI)
) \/Z £ \/Z & 0 0

1-¢
+ [pgr ()b (t)]z] dt }] X

. p(t”)=% p g
d”f D mim=1—"—>m l—f y(t)]%dt
x[f_w R L (e | E e O RE B

fexp [2 [ [2VZep(®)B, (per (), DB, (oo (0), 1) -
B, (por (0,05 (VZe (o), )]t} (375)

Therefore
(Iil(q’,t’,t”;P,m')) <
&

(([Ii’,l(q’,t’,t”;P,m’)]l_s) )x

g,

(([Iff(q’, t " P,m’)]s) ) (376)

£I

Here
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tII

Elr 1 L1 L1, ’ _ _ 1 0 2
(Is, (q',t't ,P,m))£,—<expl —28(1+£)L [b° ()] dt

) p(tll)z\(;% P t”
x| dq” IIQ"IIZf [DP ({V b= ;—,m’)] X exp l—f [I’J(t)]zdtl X
f_m p(t")=0 " V2e v

X

X
exp [—(1 +
&Iy [~ () = 2(Opa (DB () + —=par(OB° (DB (1) +

[po b ®]|dt]) (377)

sl

and

(Ii}z((q’,t’,t”;P,m’)))sl =

- [ aa | i())F 90 (s ) e |- | pora

X

fexp [2 [} [2v2ep (OB, (por (), 1) -
~b,(p (1), b (VZz p(2), )]}, (378)

Let us evaluate now path integral(li’,1 (q',t't"; L, m’)) . From Eq.(377)using

£I
replacement p(t) = % into Feynman path integral in the RHS of the Eq. (377), we

obtain

1 t” 0
(IE’,I(q’,t’,t”;P,m’)) == exp ——f [b° (t)]zdt j dq" llq"I* x
€ g 2& ! — o

q(t”)=q”
f (DG )% Pm")] X
q(t")=0
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1 t”
exp l‘z f {01 = 240b° © ~ 24(0)40 (O () + 24 OL° DBF(O) + [0 @' O]

+ 0(3)} dtl =

foe) q(t”)=q”
= [ aq"nae [Dq((vm}es; Pym)] X
—oo q(t)=q’

xexp [~ [ {[a(©) = bas©,0] +0()} de]. (379)

In the limite - 0,&" - 0,&'/e - 0 by simple calculation, one obtain

lim eso I5'(q',t',t";P,m’) < [G(D)]% (380)
-0
£ /e-0

where

G(8) = b (4(1),0) = 0,4(t) = ¢q" (381)
Or in the following equivalent form
(1@ et Lm)) | < @[y (382)
Heree = 0,&' = 0,&'/e = 0 and
q(t,e) = b(gy(t,e),t) =0,4(t' ") = ¢'. (383)

Let us evaluate now path integral(li’,z (P, m’)) - Let us rewrite Eq.(326) in the following
&

form

EZ (pg’ (t)r t) = 52,2 (pg’ (t)r t) + 52,3 (pg’ (t), t)r (384)
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bz (pe (£),£) = b§(t)p2 (D), (385)
52,3 (per (), t) =
= %.(v20) ' bg (O (per ()3 < lal < 7. (386)

Substitution Eq.(384)-Eq.(386) into Eq.( 377) gives

. R P(f")r P
(17@m), = | da jp oot [0 (s =)
exp [~ Jy {P@I? + 202 (OB (0)p? ©+ 2 p? OPOPH©) + 22 2 b3 (0 (0p3(0) +
0 (p(tps®) +0 (ph(t)) +
o(Ve)}at|. (387)

We let now that
SUP¢e[e! t''] b3 ()b (D) = w. (388)

From Eq.(327) and Eq.(387)-Eq.(388) one obtain the inequality

(Ii}Z(P,m’))gr < <fmdq” J‘z:’:”_) \/_[Dp <{Vm}m 1;\/%,m'>]
X

exp[— fi {B(O1 - Lp?(0) + Z2 B3 (0p0)p% (©) + 2 B3O OPE (©) + 0 (p(OIp3 (©)) +
0 (p;‘, (t)) + 0(\/2)} dt])g, = (Tj,z (V%'ml))s' (389)
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P

@,m’» in the RHS of the inequality (389).

Let us estimate now path integral(ii’,z (
&

Denoting the critical path of the action

§= ftt,” [[Zf)(t)]2 —Ep2W) +0 (\/Epg, (t)) +0 (\/Ep(t)p:, (t)) + ] dt
(390)

by pr(t), it follows that it satisfies the Euler equation for the critical path p, ./ (t) is

w_zﬁcr,e’ () + pcr,s’(t) +o (\/Epcr,e’ (t)) +

+0 (\/Ep?r'er (t)) +oe =0, (391)
where
w? = w?(e) = %, (392)
p(t) =L =g, pt") =L =g" (393)

We estimate now path integral(fi',z (\/%, m’)) using canonical perturbation expansion

&

of anharmonic systems (see [45]

chapter3,sect.15). Let us rewrite action (390) in the following form

$= f t (B -£p2(0) + 0 (Vep2 () + 0 (Vep(©p? () + - | dt

!

t”

. f [HOF - w?p(O)]dt

tl

+ f t [0 (\/Epﬁr (t)) +0 (\/Ep(t)pg, (t)) n ] dt =
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—Sz+f Valp(®), p(o), tldt’. (394)

Thus corresponding perturbation expansion of the path integral(ii}z (\/%, m’)) is
8,

e , © (t") ,
(i) ~( [0 [ oo

p 2¢

) . penet ,
X exp[SzDs, + f dq”f , [Dp ({vm};';i:l;—,m’)] X
~o - Dpen=L V2e

X ftf” Vo lp(t), p(t), t]dt’ exp[?z])£, + e (395)

Let us consider now Gaussian path integral

= limp_ o I§ (P, m")(396)

- P/\/Z_E P/\/Z_S o) [e%) d
I?V)(P; m’) = NNf dp1 ...f dpmlf dpm/+1 X ."f p)l\(l—l
-P/V2e -P/V2& — —o0

X exp[fz,N]. (397)

Here

Sow = —SZ0 [(Fpm)” — 2P| (398)

345
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Note that: YN+1 (me) — YN VT [45].
We now turn to the fluctuation factor [45] of the path integral
I9(P,m"). With the matrix notation for the lattice fluctuation operator VV + w?, we have

to solve the multiple integral

P/N2e 4 dpm
Fir () _\/_Hm 1[[1:/\/2_5\/%] m=m'+1 If_ >

exp {6 >y, 6pm[l7? + a)z]mm,,}5pmu. (397)

The eigenvalues of the fluctuation operator VV + w? are [45]

om(@) = w2 —0,0, =w?—= [2 — 2cos(evy)],  (398)

_mm __ 7mm T
Vm = T e’ € T (399)
Thus
op(w) = w? — elz [2 — 2cos (%)] (400)

We set now

2

mm
m' = sup,,a {m |w? — 2 (T) > 0andmm/(N + 1) < 1}. (401)

Therefore for all m < m'one obtain

I (@) = w? — 6—12 [2 —2 (1 - (Nn—zll)z + 0(5‘))] _
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= w? =2 (%)2 +0(e?). (402)
Thus for all m < m’the inequality
o (@) = w? — 2 (%)2 +0(e?) =0 (403)

1s satisfied and consequently (1) the all eigenvalues g,,(w)with m < m’are positive and
(2) the all eigenvalues g,,(w)with m > m’' + 1 are negative. We have choose now

number r = m'in Eq.(368) such that the inequalities

2
o.(w) = w? —2 (g) +0(e?) =0 (404)

and

m(r+1)

)2 +0(e2) <0 (405)

Ori1(w) = w? — 2(

is satisfied and therefore m’ = 0(w).We have choose now the number € € R, such that

the equalities

p(m) = (P/\/Z),/eam(a)) =0(1),m<m' (406)

1s satisfied. From Eq.((397), inequalities (404)-(405) and
Eq.(406)one obtain
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P/V2e dpm

F(T) ——\/—nm 1UPN_\/_]1—L" m+1U dpm

X exp{ Z ((Spm)zam(w)}
p(m) m'
\/_nm 1U p(m) 27T|O'm(w)|62] P {Zm=1(6pm)2}

[].... U JW P {Zilﬂ‘“pm)z}

N 1
T nm 1l anam(a))lez nm:mr+1 L/Wm(w)l *
X exp(O(m’)).(407)
Note that exp(O(m’)) ~ exp(O(wz)). From Eq.(407) we obtain

Fy(T) =

21T [ L m’“ [—1 ]x
2mel L1 [2me?|o,, (w)| m=m'+1 |,/ 2m€?0,,(w)
exp(0(w?) =

_ep(0@?) o L . (408)

e m=1 —
2me /Znez |2 Q- w?|

The product of these eigenvalues, as well known [45] is found

by introducing an auxiliary frequency w satisfying

EW

. €W __ fw
sin— = —. (409)



Communications in Applied Sciences 349

Now we decompose the product as [46]:

N — N — N 62|.Q Q —a)2|
o= [T e[ [2iste=e
e e ) Gt R o

N [.2l0 O N _ sin?(F) || _ sin@n)
s fefoninl T |1 - 0| =252 a0

From Eq.(381) and Eq.(382)we obtain [46]:

) _ 1 sin(ew) 2
FN(T) = o= Jrsmory XP(0(0?)). (411)

In the limit € - 0 finally we obtain [45]:

FO(T) = limy_oFE(T) :«% /lsinfwm exp(0(w?)). (412)

Remark. For a given ¢ we can to choose some real T, such that the inequality

! l
6 =L g (413)

sin(wT)

where w = w(e), is satisfied.

From Eq.(395) and inequality (413)we obtain
(7?'2 (%'m'))s, = I (P,m") + 0(1/Cy). (414)

From inequality (389) and Eq.(414) we obtain
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(12 p,m)) | < 19(P,m") + 0(1/€7). (415)

S,

From Eq.(412) and Eq.(352)-Eq.(356) we obtain

1 ® )
IY(P,m') = T2 |sinC@D)] exp(O(w )) X

x f 43" exp[3,(3', 3] =

L explgotg(@T)/2]exp(0(w?)) |[—2 0D
—exp[§“wtg(w ex W _ — =
vz P ezl (D) | 97"

= exp(0(w?)). (416)

Substitution equality (416) into inequality (415) gives
(12 (L,m'))s, < exp(0(w?)). (417)

Substitution equality (382) and inequality (417)into inequality (376) gives

(Iﬁr(q’,t',t”;P, m’)) < (([Iz',l(q’,t’,t”;P, m,)]1—s)£,) X

X (([Ij,z(q’, t',t";P, m')]s)g,) <
< (O ([®]1*C2)_jexp(e x 0(w?)). (418)

Here e~0,¢' =0,e'/e =0 and

G() — b (§(£),8) =0,4(t) =q".
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Inequality (418) completed the proof.

7. Conclusions.

1. We pointed out that the canonical Laplace approximation [27] is not a valid
asymptotic approximation in the limit € - 0 for a path-integral (271), see also [42]
2. Supporting technical analysis. Let us consider optimal control problem from

Example.1. Corresponding Bellman equation is:

)4 i) 2 v _
Ae[—p p] (maXale[_p'p] I:E + X2 a_xl + (_XZ + aq + az) a_x2:|> =0

min
V(T,xq1,x,) = x? +x5,t € [0,T]. (419)

Complete constructing
the exact analytical solution for PDE (27) is a complicated unresolved classical problem,
because PDE (27) is not amenable to analytical treatments. Even the theorem of
existence classical solution for boundary Problems such (27) is not proved. Thus, even
for simple cases a problem of construction feedback optimal control by Bellman
equation (419) complicated numerical technology or principal simplification is needed
[46]. However as one can see complete constructing feedback optimal control from
Theorem 6 is simple. In this paper, the generic imperfect dynamics models of

air-to-surface missiles are given in addition to the related simple guidance law.
Appendix A

Proposition Al.[16].Assume that (1)@ (t), a(t) € L,([0,T]),
suprefor|#(6)] < o0, supeejon|a(®)] < o and (2) the inequality

o(t) < a(t) + L f ¢(s)ds(1)
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1s satisfied. Then the inequality
) <a(t)+L fOT el g (s)ds (2)
is satisfied.
TheoremA1l.(I) Assume that: (1)let x; ,(w),n = 1,2, ... be the solutions of the Ito’s
SDE’s
dxen = by (x40, t)dt + 0, (x5, £)dW (L, w), (3)
Xon = x(w),x € R%.
And letX, ,(t),n = 1,2, ... be the solutions of the Ito’s SDE’s
A%, = by (X, t)dt + G, (X t) AW (L, ), (4)

Xon = x(w),x € R,

Here

k
On (xt,n’ t)dW(t, (1)) = Z 1Ur,l,n (xt,n’ t)dVVr(t, w)r
T

k
@ (%o, ) AW (1, @) = ) G (X, WL (1, 0),

(2) The inequalities

b, (x, Ol + o, (x, OI7 < Kn(1+ 1%, ®)
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Iby(x, t) — by (¥, Ol + llon(x, t) — o (x, Ol < Kpllx —yll,  (6)
~ 2 _
1B, (x, O] + 15, (x, II> < K (1 + |12, (7)
1B (x,0) = By (, || + 18, (x, ) = G (x, DIl < Kpllx =yl (8)
|| (x, £) = By (x, 0| < 61 nllxll, 9)
lon(x, t) — Gn(x, Ol < &5,11xl, (10)
where 0 < t < T,is satisfied.
Then the inequality
~ 2
SUPo<¢<TE [”xt,n - xt,n” ] <
—~ 2
el (T62, + 63, )E | [ || %ol at] (11)
with L,, = 3(1 + T)K,, is satisfied.
(IDLet 7y, (w) = 7,(w) be the random variable equal to the time at which the sample
function of the process X, ,first leaves thebounded neighborhoodU, 3 0,and
lett,,(w, t) = min(t, (w), t).
Assume that: (1)vn:U,, c U,,,,U U, = R%,(2)

SUPpeN (E [fOT”%t,n”zdt]) < oo, (12)

Then the inequality
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SUPo<t<T (E [”xfn(w.t),n - ’ffn(w't)'nllz]) =

< (762, + 6%, )supnen (E| [ [%enll“at])  (19)
with L, = 3(1 + T)K,, is satisfied.

Proof.(I) From Eq.(3) and Eq.(4) one obtain
Xtn — xt,n = gn(t) + fot[bn(xs,n' S) - En(xs,n' S)]d5+

+ fot[an(xsln,s) — G (%, 5)]dW(s). (14)

Here
&0 (6) = [ [bn(Fsnrs) = Bo(Fsp, 5)]ds+

+ [ [00(Fsn 5) — Tn(Fs )] dW (). (15)

From Eq.(15) and inequalities (6) and(8) one obtain the inequality

E || — Fenll’] < 3ENIEOIP] + Ly J; B [[|xsn — Xsal|*] ds, (16)

withL, = 3(1 + T)K,,.Using Proposition 1, from inequality (16) one obtain the inequality

E [lxen — Feall*] < 3EMIELOI%] +

Ly fy € OE ||ty — Foml| ] ds.(17)
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From inequality (9) one obtain the inequality

2
<

B[ 150(on5) — Bans) s

SUPo<t<T

T [} E [[1ba(Fon5) = Bu(Fom )| | ds < T62,, f; E[|[Fsull"] ds.18)

From inequality (10) one obtain the inequality

2
<

ft[a'n (xs,nl S) -0, (’fs,n: S)]dW(S)
0

E [SUPostsT

4E [ [ [l Ceans) = 3uGEom )] dsl <

< 83, J) B [|%enll "] ds.19)

From Eq.(15) and inequalities (18)-(19) one obtain the inequality
supo<c<rELNE (D I12] < (T62, + 63,) [y B [[%sn*] ds. 20)

Substitution the inequality (20) into inequality (17) gives

supose<rE [[[xen — Feull | < e (T82, + 62, )E| ) %ol at]-(21)

The inequality (21) completed the proof.

Proof.(IT) Similarity to proof of the statement (I).

355
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LetC; = (Q;,%;,P;),i = 1,2 be a probability spaces such that: Q; N Q, = @.Let W(t,w)be
a Wiener process on ¢;and let

W (t,w)be a Wiener process on €,.

Proposition A2.Assume that (1)¢(t,w), a(t,@) € L,([0,T]P, — o.s.,
supepo,r] @ (t, @)| < 0P, —o.s.,supseporla(t, @)| < o P, —o.s, and (2) the inequality

ot @) <alt,w)+ Ly fOT (s, w)ds (22)
P, — o.s. is satisfied. Then the inequality
o(t, @) < a(t,®) + Ly, [, e Da(s,@)ds (23)

P, — o.s.1s satisfied.

Theorem A2..(I) Assume that: (1) let x;,, = x;,(w, @), n = 1,2, ...be the solutions of the
Ito’s SDE’s

dxep = bp(xi 0, t,@)dt + 0, (X0, t, @)AW (L, w), (24)
Xon = x(w, @), x € R%
And let %, ,(t) = %; ,(w,@),n = 1,2, ... be the solutions of the Ito’s SDE’s
A%, = by (X p t,@)dt + G (X, t, @) AW (L, ), (25)

~

Xon = x(0, @), x € R4
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Here

On(Xen t,@)AW(t, @) = XK1 0,10 (X0 £, @) AW (8, 0),
En(%t,n, t, w)dW(t, w) =Yk, ﬁr,l,n(xt,n, t, w)dWr(t, ),
l=12,..,,d.
(2) The inequalities
by, (x, t,@)I? + llon(x, t, @)> < Kno(1 + [1x]I?) P, — 0.5, (26)
Iby(x, t, @) — by (y, t, @)l +
lon(x, t, @) — 0,(x, t, @)|| < Kpollx —yll P, —o0.5, (27)
1B,(x,t,@)||” + 1802 . D)2 < Kpor(1 + [|x]12) P, — 0.5, (28)
|bn(x. t, @) — b, (v, t, ®)|| +
&, (x,t,@) —d,(x, t, @) < Kpwllx—yll P, —0.5, (29)
|br(x. t, @) — b, (x,t,@)|| < 61,1IxIl P, —o.5., (30)
lon(x,t, @) — &p(x, t, @) < ,,llxll P, — 0.5, (31)

where 0 < t < T,is satisfied. Then the inequality

Supost<rEq, [”xt,n((‘)' w) — 'ft,n(w.w)”z] =

357
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_~ 2
< e (T82, + 63,)Eq, | [} [Zen(w, @) "dt|  (32)
with L, » = 3(1 + T)K,, x P, — o.s. is satisfied.
(IDLet 7y, (w, @) = t,(w, @) be the random variable equal to the time at which the
sample function of the process X, ,first leaves the bounded neighborhoodU, 3 0,and
lett,,(w,,w, t) = min(t,(w, @), t).
Assume that: (1)Vn:U,, c U,,,,U U, = R%,(2)
|| 2
SUPpeN (EQ1 [fo ||xt,n(a), zzr)” dt]) <o P,—o0.s. (33)
Then the inequality

SUPo<t<T (Eﬂl [”xrn(w,w,t),n - %‘rn(w,w,t),nnz]) = eLn'w(lez,n + 522,11)

X SUPpeN (EQ1 [fOT”%t,n(a), w)”zdt]) P, —o.s. (34)

with L, » = 3(1 + T)K,, » 1s satisfied.

Proof.(I) From Eq.(24) and Eq.(25) one obtain

t
X (0, @) = Xy (o) = En(t, 0, @) + f [b (x5, 5, @) — bp (%, s,@)|ds +
0

fot[an(xs,n, 5, @) — & (X5, 5,@)]|dW(s). (35)

Here

t
£n(t, 0, @) = j [Br(Fs s 5,@) — B(F s, )] ds +
0
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+ [ [00(Zs 5, @) = Gn(Fs 5, @) | dW(s). (36)

From Eq.(36) and inequalities (27) and(28) one obtain that the inequality
Eq, [[en — %ol '] < 3E0IEx(E 0,@) 121 +
Lo fy Bg, [[[xsn(t 0, @) = Fsu(t 0, @) ]ds,  (37)

with L, » = 3(1 + T)K,, . P, — 0.s.1s satisfied. Using now Proposition 2, from

inequality (23) one obtain the inequality
~ 2
Eq, [[|Xen (@, @) = Fen(w, @)||°] < 3Eq, [1£.(t 0, @)I17] +
~ 2
+Lp o fot elna(t=SIE, [”xs,n(w,w) — % p(w,@)| ]ds P, —0.5.(38)

From inequality (30) one obtain the inequality

2
<

SUPo<t<T

t
Ea, [ j [, (%15, @) — By (a5, )| ds
0

T
T f Eqg, [||bn('fs,n,s, @) — by (¥s s, w)||2] ds <
0

T6%, fy Eq, [|[%all "] ds P, —o.s. (39)

From inequality (31) one obtain the inequality
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t
f (6 (X 5, @) — G (Fe 5, ) | AW (5)
0

’

Eq, [SUPostsT

<

T
480, [ [InCeans) = 30 s) ] 5
0

2
<62, fOT Eq, [||xs,n|| ]ds P, —o.s. (40)
From Eq.(15) and inequalities (18)-(19) one obtain that the inequality
2
suposterEa, [I€x(DI2] < (T8%, +62,) [7 E [, ]I*] ds. (41)

P, — o.s.is satisfied. Substitution the inequality (41) into inequality (39) gives:

Supo<¢<rEq, [”xt,n - },t,nnz] <
< en(T6%, + 63,)Eq, | [) |®eall“at| P, — 0.5 (42)

The inequality (42) completed the proof.

Proof.(IT) Similarity to proof of the statement (I).
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